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2.0  Introduction 
 
This reference document contains descriptions of the various methodologies that are implemented 
within the PRODAF (Probabilistic Design and Analysis Framework) software tool. PRODAF is a 
practical, multidisciplinary,  design-for-reliability  suite of tools for aerospace systems.  It allows 
system-level reliability constraints to impact component-level designs and interfaces user-
selected, physics-based deterministic modeling codes with a Fast Probability Integration code to 
obtain high-fidelity probabilistic component failure rate data. The computed component failure 
rates may be input into a system-level probabilistic risk assessment code such as QRAS or 
SAPHIRE. A feedback loop from the risk assessment tool to the analysis/design tools enables the 
system-level reliability constraint to affect the component design. Accuracy measures of the 
probability calculations (confidence intervals) are provided to account for uncertainties in the 
uncertainty parameters.  Design variable optimization is accelerated through the use of adaptive 
response surface modeling. Progressive failure methodology is described that models the type of 
failure wherein total system failure does not occur until a sequence of component-level failures 
occur. On-screen results are presented graphically in terms of CDF/PDF plots and sensitivity 
charts. A companion document (Ref. 1) provides an executive overview of PRODAF’s 
capabilities while the PRODAF Users Manual (Ref. 2) provides detained instructions on how to 
install and run PRODAF.    
 
This document is organized into 5 self-contained sections, each describing one of the 
methodologies that is implemented in PRODAF, plus an appendix that explores advanced 
methods for design optimization under uncertainty (none of these methods are implemented in the 
current version of PRODAF). 
     
References 
 

1 Strack, W., et al, “PRODAF, A Probabilistic Software Tool Subjecting Component 
Designs to System-Level Reliability Constraints, Volume 1: Executive Overview”, 
March, 2008. 

 
2 Strack, W., et al, “PRODAF, A Probabilistic Software Tool Subjecting Component 

Designs to System-Level Reliability Constraints, Volume 3: Users Manual”, March, 
2008. 
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3.0  Calculating Reliability Confidence Bounds for Distribution 
Parameter Uncertainty 

3.1  Introduction 
The use of probabilistic methods to quantify risk and reliability of designs relies on the 
availability of accurate statistical descriptions of the uncertain variables.  The uncertainty in the 
design variables is specified by some probability distribution that was fitted to the test data. The 
estimates for the parameters of such probability distributions are themselves uncertain when the 
available test data set is small.  Using such information for reliability leads to incorrect reliability 
index estimates. For these cases, it is necessary to estimate the uncertainty in the predicted 
reliability index due to the uncertainty in the distribution function and distribution parameters.  
 
Structural reliability estimation requires evaluation of the multi-dimensional integral for failure 
probability (Pf): 

 ∫
<

=
0)(

)(
x

x xx
g

f dfP  (1) 

Where x  is the vector of random variables,  )(xxf  is the joint probability density function of x  
with deterministic distribution parameters and 0)( <xg represents the failure region defined by 
the limit state (or constraints) function 0)( =xg .  The  above integral can be evaluated using 
either sampling methods (Monte-Carlo Sampling, LHS sampling, Adaptive Importance Sampling, 
etc.) or moment based methods such as First Order Reliability Method (FORM) and Second 
Order Reliability Method (SORM) (Haldar and Mahadevan, 2000, and Melchers, 1999).  
Sampling methods are general and suited for a wide variety of problems, but are computationally 
expensive.  Analytical moment based methods construct Taylor series approximation of the limit 
state function.  The latter methods estimate the shortest distance (reliability index, β ) from the 
origin of the coordinate standard normal variable space to the most probable point (design point) 
on the limit state and the probability of failure is given by  

 )(1 β−Φ= −
fP  (2) 

where )(1 •Φ−  is the inverse of the standard normal cumulative probability distribution. For 
problems with non-normal or correlated variables, the variables must first be transformed to 
normal uncorrelated variables in standard normal space.  

3.2  Reliability Analysis with Uncertain Distribution Parameter 
 
If the distribution parameters are estimated from statistical tests of small sample size, they should 
be considered as uncertain.  These uncertainties will need to be included in probability of failure 
(or reliability index) estimations.  Let us denote the set of distribution parameters of x  that are 
random as θ  and their joint probability distribution by )(θθf .  The joint distribution function of 
x  that depend on θ  can be expressed by the Bayesian estimate  

 θθθxx θθxx

θ

dfff
S

)()()( ∫=  (3) 
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where, θS  is the domain of the random parameters θ , and )( θxθxf  is the joint probability density 

of x  for a given value of θ .  The probability of failure can be calculated by replacing the joint 
probability function )(xxf  in (1) by the Bayesian estimate for the joint probability density 
function for x , 

 ∫ ∫∫
<< ⎥

⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

==

0)(0)(

)()()(~

x
θθx

x
x xθθθxxx

θg Sg
f ddffdfP  (4) 

On rearranging the order of integral in (4) we obtain 

 ∫∫ ∫ =

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

< θθ

θθθθxθx θθθ
x

θx
S

f
S g

f dfPdfdfP )()()(~

0)(
 (5) 

The corresponding reliability index is 

 )~1(
~ 1

fP−Φ= −β  (6) 

It can be seen that the integral in (5) is of the same form as (1) and therefore amenable to methods 
developed for evaluating (1).  However, in this case, there are two integrations that need to be 
carried out: an inner level multi-dimensional integral to determine the probability of failure for a 
given value of θ , and an outer level integral to determine the distribution or point estimate for 
probability of failure resulting from the distribution parameter variations.  The integral in (5) 
gives a point measure referred to as the predictor estimator and gives the expected value of the 
probability as the combined effect of uncertainty in variables and distribution parameters.  
 
Other point measures as well as interval measures have been suggested for the probability of 
failure resulting from distribution uncertainty (Der Kiureghian, 1989): 

Mean estimator:  ∫=
θ

θ θθ dPfPfµ  (7) 

Median estimator: ( ) 5.0   :~
=Φ θff PP  (8) 

Maximum likelihood estimator:  ( ) ( )θθθ fmlf PP max=  (9) 

Often in dealing with distribution uncertainties it is more desirable to obtain interval estimates.  
The rationale for specifying interval rather than point estimates is because parameter uncertainty 
is a reducible form of uncertainty (unlike parameter variability).  Therefore by specifying bounds 
one can characterize more directly the effect on reliability of the uncertainty in distribution 
parameters.  One such interval estimate is confidence bounds for failure probability 

])(,)[( 1 αα ff PP −  for a given value of the response, where α)( fP  is defined as 

 ( ) αα =Φ θff PP    :)(  (10) 

The interval specified above is said to have a confidence level of 100α percent.  The confidence 
bounds allow the designer to assess the level of uncertainty in fP  due to distribution parameter 
uncertainty and can use this information to improve the design by either reducing parameter 
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uncertainty or by increasing the design margins.  Often a one-sided lower confidence bound is 
specified. 

 ( ) )1(   :)( 1 αα −=Φ− θff PP  (11) 

 

3.3  Methods for Calculating Reliability Index Confidence Bounds  
 
Calculating reliability index confidence bounds requires evaluation of the two level probability 
integration in Equation 5. These integrands are not available in explicit form to perform analytical 
integration. The integrations are therefore computed using either sampling based methods (e.g. 
Monte Carlo Simulation) or approximate moment based methods (FORM-First order Reliability 
Method). Both methods require multiple evaluations of the limit state function (in the inner 
integral) and the probability of failure or reliability index (in outer integral). For complex 
problems, to reduce the computation costs one can introduce approximations to replace either the 
limit state function evaluation in the inner integral of Equation 5 or use approximations of the 
reliability index as function of distribution parameters to compute the outer integral of Equation 
5. Furthermore, the nature of the approximations chosen can be a local approximation based on 
Taylor’s Series expansion or global approximation based on response surface approximations. 
The variations of the possible choices lead to different methods for calculating reliability index 
confidence bounds. In this section we present four such methods. The methods presented here 
include performing sampling based calculations at both levels, moment based calculations for 
both levels, sampling based calculations for one level and moment based method for the outer 
level. Two variations of the last case are presented here: one in which we develop a local 
approximation for reliability index as function of distribution parameters and the other in which 
we use a response surface approximation for the same. 
 
Nested Two-Loop Monte Carlo Simulation (MCS) Approach 

By defining an indicator function )(xIg  with respect to. )(xg , such that it is zero in the safe 
region and one in the failure region, the integral of Equation (1) can be converted to the following 
form that is useful for simulation based approaches: 

 ( )∑
=

=
N

i
gf I

N
P

1

1 x  (12) 

where N is the number of independent samples of x from the density )(xxf .  The above sampling 
procedure is also often referred to as Monte Carlos Simulation (MCS). Different sampling 
strategies available include, random sampling, stratified sampling and importance based 
sampling. In this study we use a Latin hypercube sampling (LHS) design which is a stratified 
sampling method. LHS design has been shown to provide 30 percent faster convergence in 
probability of failure calculations using MCS compared to random sampling. 
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Inner MCS loop
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YES
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Inner MCS loop

 
Figure 3.1 - Flowchart for nested two-loop Monte Carlo Simulation to calculate confidence bounds for 
probability of failure. 

A flow chart for the nested two-loop MCS procedure is shown in Figure 3.1. The procedure uses 
one LHS design for the MCS based calculation of the probability of failure at the inner level. This 
LHS design with NMCS points is used to generate values of the design variables and evaluate the 
limit state function to calculate the indicator function and thereby the probability of failure (Pf). 
The estimated failure probability has some variance due to the sampling variance. The standard 
error in the probability of failure estimated using a sample size of NMCS is give as follows. 

 

                                             

( )
MCS

ff

N
PP

e
−

=
1

                                                           (13) 
 

This indicates that the number of sampling points has to be two orders of magnitude greater than 
the inverse of the failure probability to limit the sampling variance error to be less than one 
percent.  In the nested two-loop MCS a different LHS sampling design with Nsim points is used to 
generate sampling points in the distribution parameters space.  The probability of failure is 
calculated at each sampling point in the distribution parameter space. In order to minimize the 
variance error the same LHS design is used for each failure probability calculation.  The Nsim 
values of the failure probability obtained are sorted and used to generate the empirical cumulative 
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distribution function (CDF) for Pf. If the Pf values are sorted in ascending order, then the CDF 
value corresponding to the ith  Pf  value is (i+0.5)/Nsim). Alternatively if one only wants the α-
percent confidence limit value then one chooses the (α*Nsim/100) rank value from the sorted Pf 
values.  
 
Local Approximation for Reliability Index Developed Using a MCS and Approximate 
Sensitivities  
 
In this approach we use a single MCS to calculate failure probability and sensitivity of the failure 
probability to the distribution parameters. The sensitivities are then used to develop a local linear 
approximation of failure probability (reliability index) using a Taylor’s series expansion. 
 
We noted earlier that the failure probability integral of Equation (1) can be converted to the 
following form for sampling based calculation. 

 ( )∑
=

=
N

i
gf I

N
P

1

1 xθ  (14) 

Here the N is the number of independent samples of x from the density )(xθxf . The joint density 

function of the design variables is a function of the distribution parameters of the design 
variables. Therefore the failure probability calculated θfP  is for a specified or assumed 

parameter value. Repeating this calculation for different values of θ  in a nested two-level Monte-
Carlo Sampling (MCS) procedure, where θ  values are generated from the density function )(θθf  

provides data that can be used to generate the distribution of θfP .  This approach is 

computationally expensive and can suffer from sampling errors and numerical noise (from 
convergence).  In the current approach we use a local linear approximation of the failure 
probability as function of distribution parameters to compute the  confidence intervals.  The local 
linear approximation requires sensitivity information.  To obtain the sensitivity of fP , 
calculations are repeated after each distribution parameter is individually perturbed. The values of 
fP  calculated are used in the following finite difference formula to obtain sensitivities: 

 
i

ifiif

i

f PPP
θ

θθθ

θ Δ

−Δ+
=

∂

∂ )()(
 (15) 

It is possible to overcome the sampling errors if the same sampling points are used in evaluating 
Equation (5) using the original and the perturbed values of the parameters.  However, the noise 
present in sampling estimates leads to errors in sensitivity.  To avoid such errors, large 
perturbations are needed, which in turn can lead to bias errors.  
 
Karamchandani et al. (1988) presented a simulation-based approach for sensitivity calculations 
that does not require re-evaluating the limit state functions.  For this, the failure probability under 
the new density, Equation (16) is written in terms of the original density function, Equation (17). 

 dxxfxIP iigiif )()()( θθθθ Δ+=Δ+ ∫  (16) 
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 dxxf
xf

xf
xIP i

i

ii
giif ∫ ⎥

⎥
⎦

⎤

⎢
⎢
⎣

⎡ Δ+
=Δ+ )(

)(
)(

)()( θ
θ

θθ
θθ  (17) 

The expected value of failure probability for the perturbed values of distribution parameters is 
provided by 

 ∑
=

Δ+
=Δ+

N

j i
j

ii
j

giif
f

f
xI

N
P

1
)(

)(

)(

)(
)(1)(~

θ

θθ
θθ

x

x
 (18) 

It is to be noted in the above equation that the values of )(xIg  were calculated previously when 
evaluating equation (12).  Therefore the new failure probability only requires evaluating the ratio 
of the density functions for the design points in the failure regions (where )(xIg =1).  The 
expected value of sensitivity is obtained by finite difference calculations as shown in equation 
(13).  The variance of the sensitivity was derived as 
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PVar

θθθ

θθθ

θ x

xx
x  (19) 

The authors showed that the sensitivity estimated using the above methods was more accurate 
compared to the traditional sampling finite difference approach.  Use of the same samples )( jx  for 
both )(~ ifP θ  and )(~ iifP θθ Δ+  reduces the effect of sampling errors.  The method proposed above 

is based on the assumption that the sample space of  )( ixf θΔ+θ is contained in the sample space 
of )( θxf .  If this assumption is not satisfied, then the estimate of the incremented failure 
probability will be biased.  For small iθΔ  the bias is small; however, the variance is large. 
 
In cases where it is possible to obtain derivatives of the density function with respect to 
distribution parameters, the following expression for sensitivity can be used (Karamchandani, 
1990). 

 dxxf
xf

xf
xIP i

ii
giif ∫ ⎥

⎥
⎦

⎤

⎢
⎢
⎣

⎡

∂

∂
=Δ+ )(

)(
1)(

)()( θ
θθ

θθ
θ

  (20) 

The above form also can be extended to higher order derivatives of failure probability.  The 
sensitivity to distribution types can be obtained using the proposed method by replacing 

)( ixf θΔ+θ  with the density function for the new distribution type )(* θxf  , in equations (15) 
and (16) 
 
The sensitivities obtained are then used to develop a local linear approximation (based on a 
truncated Taylor’s series expansion) for the failure probability as function of distribution 
parameters θ . 

 ( ) )()()( 2

1

*

*

* θθθ
θ
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f
ff
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θθ   (21) 
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)1(1 c−= −φβθ

Since fP  values can change significantly due to small changes in the distribution parameter, 
using linear approximation can lead to negative values of fP .  To eliminate this, we covert the fP  
values to the reliability index β , using Equation (2), use them in the above equations developed 
for finite difference sensitivity calculations and obtain a local linear approximation for β  as 
function of distribution parameters θ . The linear local approximation )(θβ  is used in a moment 
based First Order Reliability Method (FORM) to compute its confidence bound.  
 
In the First Order Reliability Method, estimates for the reliability index are obtained using 
analytical search methods. First, all random variables x are transformed to a set of independent 
standard normal variables u, using a transformation T: x = T(u).  The limit state function g(x) is 
mapped to the transformed variable space, and the probability of failure is defined as 

[ ]0)( ≤= ugPPf .  This requires integrating the joint density function of u over the failure space 

defined by 0)( ≤ug . The point region around the design point *u on the failure surface 0)( =ug that 
is closest to the origin will contribute most to this integral.  First order reliability methods are 
based on approximating the failure surface of the limit state function by a tangent hyperplane in 
the u-space at a point that is closest to the origin, referred to as the design point or most probable 
point (MPP) of failure. The iterative methods for searching for the MPP using FORM are 
presented in detail in many textbooks (see Haldar and Mahadevan, 2000 or Melchers, 1999). 
 

Failure Region

g(u)=0β

u*

u1

u2

gL(u)=0

gQ(u)=0

Failure Region

g(u)=0β

u*

u1

u2

gL(u)=0

gQ(u)=0

 
Figure 3.2a  - Illustration of limit state function and its different approximations in standard normal space 
(u) used for obtaining the reliability index β  and the most probable point *u . 

The direction of the vector defined by the MPP point *u  is also the direction of the outward unit 

normal gradient vector of the limit state function at the MPP point α , ( )(/)( ** uuα gg ∇∇= . The 

distance to the design point from the origin is the reliability index β . 
 

 

Figure 3.2b - Schematic diagram of FORM 
approach for finding (100c%) confidence 
bound of reliability index β.  
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Figure 3.3- Flowchart for calculation of reliability index confidence bound using local linear 
approximations 

Obtaining the confidence bound involves solving the following probability problem. 

 ccc =≤ )(y Probabilit:  Find βββ
θ

  (22) 

The integral form of the above stated problem is as follows. 

 
c

g
gwhere

dfc

βθβθ

θθ

β

θβ
−=

= ∫
≤

)()(    

)(
0)(  (23) 

A schematic representation of finding the confidence bound for β  in a two-parameter space is 
shown graphically in Figure 3.2. In form method the reliability index is the distance to the nearest 
point from origin to the limit state function in the standard normal space of the variables (uθ).  If 
the distribution of a parameter θ  is not a normal distribution, one needs to find an equivalent 
normal representation. In the present work we use the two parameter transformation proposed by 
Rackwitz and Fiessler, 1976 shown below. 
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where N
iθ

µ  and N
iθ

σ  are the mean and standard deviation of the equivalent normal 

representation of the parameter iθ  at the design point *
iθ . The two parameter equivalent normal 

transformation ensures that the values of the non-normal probability density function ( )ii
f θθ and 

the cumulative distribution function ( )ii
F θθ  of the parameter is equal to the normal distribution 

probability density function )( N
iθφ  and normal cumulative distribution function )( N

iθΦ  at 
the design point *

iθ . 
 
 

For the linear approximation for β  shown below, 
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the MPP point ( *θ )in the parameter space and the 100c% confidence limit of reliability index βc 
calculated from FORM approach are as follows. 
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The direction cosines 
iθ

α  are defined as: 
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Figure 3.3 provides a flow chart for the above described procedure used in obtaining confidence 
bounds. The procedure described above is iterated. For each cycle a MCS is performed using the 
MPP values of the distribution parameters calculated in the previous cycle and the linear local 
approximation is updated to find an approximation of )(θβ  close to or at the MPP point. 
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Figure 3.4. Schematic of developing a weighted least squares response surface approximation to limit state 
function using MCS sampling point data 
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Figure 3.5. Flow chart for reliability confidence interval calculation using weighted least squares response 
surface approximation of the limit state function fitted to data obtained from a MCS sampling. 
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Using Response Surface Approximation fitted to Limit State Function at MCS Sampling points  
 
Melchers and Ahammed (2004) presented an approach to develop sensitivities using results from 
a Monte-Carlo reliability calculation.  It is based on the premise that the Monte-Carlo and FORM 
techniques essentially solve the same reliability problem.  In their proposed approach, the limit 
state function values at all sampling points in the MC simulation, described by (12), are recorded 
along with the sampling points.  A subset of these points Nqjjg ≤= ,...,2,1)),((x is used to develop a 
linear hyper surface that approximates the limit state function.  
  
The limit state can be approximated using least squares fitting or other techniques such as 
collocation, discretized Galerkin, or stationary functional methods.  The examples presented by 
the authors used a least squares fitted linear response surface approximation.  The points chosen 
for fitting the linear hyper-surface (response surface) from the sampling points depend on the type 
of sampling procedure used.  If the sample points were generated based on the joint density 
function of the random variables, then most points will be concentrated around the mean point.  
Calculating sensitivities or confidence limits requires approximation of the limit state function 
around the design or most probable point (MPP), The MPP point is not found in the MCS 
approach.  For this reason only points that fall in the failure region ( 0)( ≤xg ) are chosen for the 
fitting the response surface, since these will be close to the design point.  If the reliability 
calculation was performed using importance sampling, then most points are distributed around 
the MPP point, and all points from the simulation can be used for fitting the response surface.  
The response surface approximation fitted to the limit state function provides an explicit 
description of the limit state function.  This explicit function can then be used for calculating the 
confidence limits of the reliability index or failure probabilities using the FORM based approach 
explained in the previous section. 
 
A schematic drawing illustrating the linear response surface fitted to limit state function values at 
MCS sampling points is shown in Figure 3.4.The response surface approximation fitted to points 
in the failure region does not match the exact MPP point. To improve the quality of 
approximation an iterative procedure for fitting a weighted least squares response surface 
approximation to the limits state function is proposed.  
 
In this approach we fit a linear response surface )(ˆ xg  at the sampling points. 

 ∑
=

+=
n

i
ii xaag

1
0)(ˆ x  (29) 

The coefficients of the response surface are calculated using a least squares minimization 
procedure that minimizes the weighted sum of squares of the errors shown below. 

 
2

1
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j
i ggWe xx −= ∑

=
 (30) 

An exponential weight function is used to calculate the weights of the sampling points used for 
the fitting. 

 
jd

j eW α−
=  (31) 



 17 

 ( )( )∑
=

−=
n

i
mppijij uud

1

2
,  (32) 

The weighting function used weights point near the MPP point more than those away from the 
MPP point. The distance dj is the Euclidean norm of the vector from the sampling point to the 
MPP point in the standard normal space. For the first iteration the mean values of the parameters 
used as the MPP point are not known.  For subsequent iterations the MPP point found using the 
linear approximation is used. At the end of each iteration the weighting coefficients are updated 
and a new response surface is fitted.  The procedure is repeated until the reliability index 
calculated using the approximation converges. The scaling coefficient (α) in the exponential 
function influences the extent of the region around the MPP point that is included in the response 
surface fitting. A priori estimation of this exponent (α) is not possible. Therefore an outer loop is 
used for the iterative process where the response surface is fitted first with a zero value for α and 
then incremented at each cycle by a specified amount for the next cycle. The cycles continue until 
either the difference between the reliability index calculated using MCS simulation and that 
calculated using the linear response surface approximation is less than a specified tolerance, or if 
is change in the reliability index computed from the response surface approximation for three 
consecutive cycles is less than a specified tolerance. Figure 3.5 provides a flowchart that 
illustrates this procedure. 

 
Nested Two-Loop First Order Reliability Method (FORM) Approach 
 
In FORM calculations the reliability index β is the distance to the design point from the origin in 
the standard normal space of the variables (u).  This definition of the MPP point u* is used to 
calculate the reliability index β  shown below. 

 ** uu T=β   (33) 

Differentiating the above expression for β with respect to the distribution parameters to obtain 
sensitivities leads to 
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Since the design point u* and the reliability index β are already known from the FORM reliability 
calculation, estimating the sensitivity of the design point u* with respect to distribution 
parameters will complete calculation of reliability index sensitivities. Different methods have 
been used to calculate the sensitivity of the design or MPP point.  For example, Mehta et al., 1993 
used a finite difference method to compute the sensitivities.  
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This requires performing FORM reliability calculations at the perturbed values of the distribution 
parameters. While it is direct and simple to implement, this procedure can become difficult for 
problems where evaluating the implicit limit state function is computationally expensive. 
 
Bjraeger and Krenck (1987 and 1989) presented a detailed derivation for the sensitivity of the 
reliability index β , the unit normal gradient vector u and the MPP point u*with respect to the 
distribution parameters in first order reliability analysis.  
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By using the above definition for the design point and using the condition that the limit state 
function at the design point is zero, they derive the following expression for sensitivity of 
reliability index β shown below. 
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Figure 3.6 - Illustration of the change in the reliability index β , design point *u  and gradient vector α as a 
result of a change in one of the distribution parameters.  
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Figure 3.7 - Flowchart for calculating reliability index confidence bound using a nested two-loop FORM 
approach. 

A small perturbation in one of the distribution parameters for sensitivity calculations results in a 
change in the limit state function and the MPP point in the standard normal space. The change in 
the MPP point du* is related to the change in the reliability index dβ and the change in the 
gradient vector direction du as shown in figure 3.6. 
 
The sensitivity of the MPP point is calculated as follows: 
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To evaluate the sensitivities of the reliability index and the direction cosines the principle that the 
limit state functions g(u) is zero at the old (u*) and new (u*+du*) MPP points is used. The 
resulting final expressions for the sensitivities are as follows (Eqs. 39 and 40). 
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The derivative of the first order reliability index is independent of the curvature of the limit state 
function. However, the sensitivity of the normal gradient vector requires evaluation of the 
curvature (D) of the limit state function at the MPP point.  It was shown with numerical examples 
that ignoring the influence of curvatures on iθ∂∂α  is insignificant and is exact when the limit 
state function is linear, in which case the sensitivity expression simplified to the following form: 
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Estimating change in the reliability index using only first order approximation limits the changes 
in the distribution parameters to small values due to the local nature of the sensitivity information. 
This limitation can be overcome by introducing higher order derivatives for the reliability index. 
Bjreager and Krenk, 1987 present the following final expression for calculating the second order 
sensitivity for the reliability index , 
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However, this requires obtaining higher order derivatives of the limit state function which is not 
practical for implicit expensive limits state function evaluations. In the present work we use the 
finite difference approach to calculate sensitivities of reliability index. Figure 3.7 provides a 
flowchart that illustrates the nested two-loop FORM approach for failure index confidence bound 
calculation. 

 

3.4  Demonstration Example and Results 
 
A simple beam problem (Figure 3.8) is used to test methods for obtaining confidence intervals of 
probability of failure based on uncertainty in the statistical parameters used to describe the 
random variables.  This example has been used by other researchers (Wu et al. 2001 and Qu and 
Haftka, 2003) as a test case for development of reliability analysis and optimization methods. The 
design variables are the cross-section shape dimensions of the beam, the width b and height h.  
The beam is made of an isotropic material whose properties are shown in Table 3.1. The loads 
and material properties are assumed to be random variables, and their statistical properties are 
listed in Table 3.1. 
 

X

Y

b

h

L

X

Y

b

h

L  
Figure 3.8 -  Schematic of the beam example with geometric and load variables identified. 
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Table 3.1: Details of random variables 
Variable Mean COV Distribution 

Load X (lb) 500 0.2 Normal 
Load Y 1000 0.1 Normal 
Modulus, E 
(psi) 

29.0e+06  0.05 Normal 

Strength, R 
(psi) 

40,000  0.05 Normal 

Length, L 
(inch) 

100 0 Fixed 

 
 
A reliability optimization of the beam is performed first. The optimization problem statement is 
as follows.  

 ( ) 3100    :

  Min
−≤≤gPst

bh
 (43) 

where, the constraints g for the problem are specified as 
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The limiting value for the displacement D0 is 2.25 inches. The optimum design was obtained by 
Qu and Haftka 2003, for the above problem using response surface approximations. The optimum 
design obtained was 6041.2* =b ,   6746.3* =h with a failure probability of  -310x  289.1=fP .  
 
For this problem it is assumed that the mean and variance specified for the four random variables 
are estimated from test data of a small sample size (n). The mean and variance of a normal 
variable are known to have a normal and Chi-squared distribution respectively.  The distributions 
of the mean Xm and variance 2

Xs of a normally distributed variable ( )2, XXNX σµ=  estimated 
from a sample of size n, is as follows. 
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In the next section, the information of the distributions of the mean and variances of the random 
variables are used with the four methods proposed earlier to compute the confidence bounds of 
the reliability index. 
 
Nested two-loop MCS approach 
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A nested two-level MCS approach was implemented for the above problem. A LHS design with 
one million (106) sampling points was used for the probability of failure calculations and another 
LHS sampling design with 1000 sample points in the distribution parameter space was used for 
developing the CDF and the upper 95% confidence bound estimates (Figure 3.9). The 95% 
confidence bound of the probability of failure specifies the value that is 95% times greater than 
the value obtained with the uncertain parameters. The CDF curves and the confidence values of 
probability of failure shown in Figure 3.9 are due to uncertainties in the mean and variance of the 
random variables estimated from a sample data of size 10. 
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Figure 3.9 - CDF curves for probability of failure for stress and displacement constraints obtained using 
nested two-loop MCS approach. 

 
The nested two-loop MCS as implemented here performs one billion (109) limit state functions. 
Such a method is impractical to use in design practice where evaluating the limit state function 
requires more computational effort and time. Here the method is used for validating other 
approximate approaches. The CDF obtained from the nested two-loop MCS with fixed sample 
size has low accuracy at the lower bound of the probability of failure. However, this is not a 
significant problem. One is more interested in how high the failure of probability increases due to 
the uncertainty in distribution parameters and at this upper end the two-loop MCS calculations are 
accurate (within the bounds of the sample size chosen). For comparison with other methods the 
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failure probability and the failure probability confidence bounds are converted to reliability index 
values using Equation 2.  
 
 
Local approximation for reliability index developed using a MCS and approximate sensitivities 

In this section we present the results for the methods in which we develop a liner local 
approximation using a MCS and use this to calculate reliability index confidence bounds.  Tables 
3.2 and 3.3 show the MPP points found during the iterations. It can be seen that even for a linear 
limit state function (as in the case of stress constraint), updating the MPP point changes the local 
linear approximation of reliability index in the parameter space. However, both the stress and 
displacement constraint both converge within three cycles. This indicates that the convergence 
requires at least three MCS calculations (3 x 106 limit state function evaluations) to accurately 
compute the reliability index confidence bound.  

 
Table 3.2. Convergence of the MPP point in parameter space for stress constraint. 

Distribution Parameter Initial Cycle-1 Cycle 2 Cycle 3 
X-mean 500 517.66 523.49 523.26 
Y-mean 1000 1012.7 1016.7 1016.5 
R-mean 4.00E+04 3.97E+04 3.96E+04 3.96E+04 
X-variance 10000 15522 14427 14469 
Y-variance 10000 11782 11302 11322 
R-variance 4.00E+06 5.01E+06 4.90E+06 4.91E+06 
Reliability index  lower 
(5%) confidence limit  2.2281 2.3778 2.3788 

 
Table 3.3. Convergence of the MPP point in parameter space for displacement constraint. 

Distribution Parameter Initial Cycle-1 Cycle 2 Cycle 3 
X-mean 500 515.05 522.5 522.25 
Y-mean 1000 1005.7 1007.2 1007.2 
R-mean 2.90E+07 2.89E+07 2.88E+07 2.88E+07 
X-variance 10000 17239 16607 16640 
Y-variance 10000 10091 9798.9 9809.3 
R-variance 2.10E+12 2.51E+12 2.37E+12 2.37E+12 
Reliability index  lower 
(5%) confidence limit   2.4354 2.6806 2.6825 

 
Using only a single iteration (sensitivities calculated at mean values of the distribution 
parameters) leads to 6.46 percent and 10.15 percent errors in the reliability confidence bounds for 
the stress and displacement constraints, respectively. The values of the reliability confidence 
bounds for the stress and displacement are presented later and compared with predictions from 
other methods. 
 
Using response surface approximation fitted to limit state function at MCS sampling points  

 
In this section we presents the results of confidence interval calculation using a response surface 
fitted to the limit state function evaluated during the MCS for calculating failure probability. The 
modification proposed here uses a weighted least squares fit, where each fitting point is weighted 
by its distance to the MPP point. This iterative process requires finding the optimal the weighting 
function exponent coefficient (α).  For the present example, the linear limit state function for the 
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stress constraint is approximated exactly by a linear response surface approximation. However, 
the linear approximation to the non-linear displacement function results in iterations.   
 
 
Table 3.4: Convergence of the MPP points predicted by response surface for Stress 
Constraint 

 
 

Design 
variable 

 
Values of the MPP found during iterations using weighted least squares response 
surface approximation 

MPP found 
using true 
functions 

α=0 α=1 α=2 α=3 α=4 α=5 α=6.4 
X  500 706.45 706.45 706.45 706.45 706.45 706.45 706.4 
Y 1000 1146.3 1146.3 1146.3 1146.3 1146.3 1146.3 1146.3 
R  40000 36750 36750 36750 36750 36750 36750 36570.2 

 
Table 3.5: Convergence of the MPP points predicted by response surface for Displacement 
Constraint 

 
 
Design 
variable 

 
MPP found during iterations using weighted least squares response surface approximation MPP found 

using true 
functions 

α=0 α=1 α=2 α=3 α=4 α=5 α=6.4 
X  500 783.07 783.81 784.36 784.71 784.93 785.07 785.5 
Y 1000 1100.1 1099.7 1099.4 1099.2 1099.1 1099.2 1101.0 
E  2.9E7 2.6280E7 2.6281E7 2.6284E7 2.6287E7 2.6290E7 2.6293E7 2.6319E7 
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Figure 3.10 - Convergence of the error in reliability indeed with increase in scaling coefficient of the 
weighting function  

The values of the MPP points in the design variable space estimated using the response surface 
approximation with different values of the scaling coefficient (α) for the stress and displacement 
constraints are listed in Tables 3.4 and 3.5, respectively. The MPP point predicted using the 
response surface is also compared to the true MPP point computed using the true limit state 
function in a FORM calculation. Figure 3.10 shows the convergence of the error in the reliability 
index as the scaling coefficient is increased. For the present problem the response surface using 
failure points accurately captures the MPP point for both the stress (linear) constraint) and the 
displacement (non-linear) constraint. The iterations with increased scaling coefficient showed 
small improvements.  However, for more general nonlinear limits states the improvements could 
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be more significant. The values of the reliability confidence bounds for the stress and 
displacement are presented later in section E and compared with predictions from other methods. 

 
Nested two-loop first order reliability method (FORM) approach 

 
In this section we present the results of the MPP points in the parameter space found during the 
iteration in the nested two-loop FORM method. Tables 3.6 and 3.7 present the MPP points of the 
distribution parameters and the estimated reliability confidence limit for the stress and 
displacement constraints, respectively. Both constraints require three cycles in the nested two-
loop FORM for convergence.  
 
 

Table 3.6. Convergence of the MPP point in parameter space for Strength constraint. 
Distribution Parameter Initial Cycle-1 Cycle 2 Cycle 3 
X-mean 500 517.61 523.51 523.22 
Y-mean 1000 1012.5 1016.7 1016.5 
R-mean 4.00E+04 39708 39609 39614 
X-variance 10000 15427 14394 14453 
Y-variance 10000 11596 11282 11303 
R-variance 4.00E+06 5.1198E+06 4.9121E+06 4.9258E+06 
Reliability index  lower 
(5%) confidence limit  

 
2.2271 

 
2.3736 

 
2.3741 

 
 
Table 3.7. Convergence of the MPP point in parameter space for Displacement constraint. 

Distribution 
Parameter Initial Cycle-1 Cycle 2 Cycle 3 
X-mean 500  514.97 522.5 522.21 
Y-mean 1000 1005.3 1007.3 1007.2 
R-mean 29.00E+07 2.886E+07 2.8795E+07 2.8797E+07 
X-variance 10000 17492 16633 16671 
Y-variance 10000 9846.6 9719 9726.2 
E-variance 2.1025e+012 2.4269e+012 2.3624e+012 2.3659e+012 
Reliability index  
lower (5%) 
confidence limit  

 
2.4297 

 
2.7025 

 
2.7028 

 
 
 
Comparison of confidence limit calculated using the different methods 

 
In this section the four methods are compared. For each method the reliability index at mean 
value of the distribution parameters and the 5th percentile confidence limit of the reliability index 
due to uncertainty distribution parameters are computed and compared. To illustrate the effect of 
variance in sampling based methods the results are presented for four repetitions of the 
calculations.  
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Table 3.8. Comparison of 5% reliability index confidence limits calculated using different 
methods for the strength constraint (n=10) 

 Trial 1 Trial 2 Trial 3 Trial 4 
Reliability index β at mean value of 
parameters 

    

1. Using MCS (106 samples) 3.0448 3.0789 3.0485 3.0415 
2. Using FORM 3.0567 3.0567 3.0567 3.0567 
Lower confidence bound (5th percentile 
value) for reliability index βCL  
calculated using 

    

1.  Nested two-loop MCS (1000 
repetitions with 106 samples) 

2.2864 2.3385 2.3166 2.3012 

2. Linear local approximation using 
MCS based sensitivities 

2.3763 2.3790 2.3697 2.3778 

3. Using response surface 
approximation fitted to MCS data 

2.3270 2.3363 2.2698 2.3461 

4. Nested two-loop FORM 2.3741 2.3741 2.3741 2.3741 
 
 
 
 
 
Table 3.9. Comparison of 5% reliability index confidence limits calculated using different 
methods for the displacement constraint (n=10) 

 Trial 1 Trial 2 Trial 3 Trial 4 
Reliability index β at mean value of 
parameters 

    

1. Using MCS (106 samples) 3.5285 3.5136 3.5065 3.5161 
2. Using FORM 3.5489 3.5489 3.5489 3.5489 
Lower confidence bound (5th percentile 
value) for reliability index βCL  
calculated using 

    

1. Nested two-loop MCS (1000 
repetitions with 106 samples) 

2.6300 2.6814 2.6300 2.6756 

2. Linear local approximation using 
MCS based sensitivities 

2.6798 2.6891 2.6823 2.6932 

3. Using response surface 
approximation fitted to MCS data 

2.6725 2.7053 2.5919 2.6818 

4. Nested two-loop FORM 2.7028 2.7028 2.7028 2.7028 
 
Tables 3.9 and 3.10 shown the values for the reliability index computed using MCS and FORM 
method and comparison of the 5% confidence limit of the reliability index obtained using the four 
methods described above.  The methods that use MCS have small variances. However, the 
variance is smaller than the difference between the reliability index at mean values of the 
parameters and the 5% confidence limit of the reliability index. 
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Table 3.10. Comparison of 5th percentile confidence limit reliability index calculated using 
different methods and different sample sizes for the strength constraint (from one trial 
execution of the method).  

 N=10 N=20 N=1000 
Reliability index β at mean value of 
parameters 

   

1. Using MCS (106 samples) 3.0448 3.0446 3.0493 
2. Using FORM 3.0567 3.0567 3.0567 
Lower confidence bound (5th percentile 
value) for reliability index βCL  calculated 
using 

   

1.  Nested two-loop MCS (1000 repetitions 
with 106 samples) 

2.2864 2.5196 2.9576 

2. Linear local approximation using MCS 
based sensitivities 

2.3763 2.5472 2.9756 

3. Using response surface approximation 
fitted to MCS data 

2.3272 2.5474 2.9861 

4. Nested two-loop FORM 2.3741 2.5457 2.9738 
 
 

Table 3.11. Comparison of 5th percentile confidence limit reliability index calculated using 
different methods and different sample sizes for the displacement constraint (from one trial 
execution of the method).  

 N=10 N=20 N=1000 
Reliability index β at mean value of 
parameters 

   

1. Using MCS (106 samples) 3.5285 3.5414 3.5592 
2. Using FORM 3.5489 3.5489 3.5489 
Lower confidence bound (5th percentile 
value) for reliability index βCL  calculated 
using 

   

1.  Nested two-loop MCS (1000 repetitions 
with 106 samples) 

2.6300 2.8879 3.4166 

2. Linear local approximation using MCS 
based sensitivities 

2.6798 2.8968 3.4503 

3. Using response surface approximation 
fitted to MCS data 

2.6728 2.8963 3.4325 

4. Nested two-loop FORM 2.7028 2.9162 3.4459 
 
Tables 3.10 and 3.11 present results for the confidence limits of reliability index as the sampling 
sizes used for estimating distribution parameters are increased. Increasing the sample size for 
estimating distribution parameters decreases the uncertainty in the parameter estimates. As a 
result, the 5% confidence limit moves closer to the values predicted at the mean values of the 
parameters. 
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3.5  Summary and Conclusions 
Four different methods are presented for calculating confidence intervals that use both sampling 
based methods and analytical moment based methods such as FORM. The methods are applied to 
a demonstration problem of a beam with end load. The reliability index and the confidence 
bounds for the stress constraint and displacements constraints were calculated assuming 
uncertainty in the mean and variances of the four random variables of this problem, namely the 
two loads, elastic modulus and strength.  It is shown that all four methods predict confidence 
bounds within few percent of each other. The methods that use MCS are prone to small variances 
due to sampling errors. However, for the demonstration problem these variances were small 
compared to the differences in reliability index resulting from uncertainty in distribution 
parameters. 
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4.0  Design optimization with uncertainty 
 

 4.1  Introduction 
Reliability based design practices are being increasingly adopted for design of complex 
engineering systems with quantified levels of risk. To achieve failure probabilities in the order of 
10-3 in large systems such as space vehicles and aerospace structures, we believe that typical 
component level failure probabilities (Ref. 1) have to be of the order of 10-4 to 10-7. However, for 
low failure probabilities to be physically realizable, it is necessary to achieve very high levels of 
accuracy and fidelity (exact modeling of physics, geometry and boundary conditions),in analyses 
used  and characterize statistical variables with very high accuracy. Quantification of risk using 
reliability based approaches relies on availability of statistics of the random variables that affect 
the response.  In engineering applications where extensive tests cannot be performed, we 
introduce some level of uncertainty into characterization of the random variables. The uncertainty 
is introduced from the use of small sample sizes to estimate the distribution parameters (mean and 
variance – location and scale) of a chosen distribution function; uncertainty can also arise from 
selection of an incorrect probability distribution function (PDF). Uncertainty in statistical 
parameters and distribution functions introduces uncertainty into the reliability estimates.  Our 
previous work (Ref. 2) presented different approaches to quantify uncertainty in reliability 
estimations that resulted from uncertainty in statistical data used for reliability calculations. The 
analysis presented herein extends that work to develop procedures to incorporate uncertainty into 
the design optimization process to achieve a robust reliability based design. 
 
Structural reliability estimation requires evaluation of the multi-dimensional integral for failure 
probability (Pf): 

 ∫
<

=
0)(

)(
x

x xx
g

f dfP  (1) 

where x  is the vector of random variables,  )(xxf  is the joint probability density function of x  
with deterministic distribution parameters and 0)( <xg represents the failure region defined by 
the limit state (or constraints) function 0)( =xg .  The above integral can be evaluated using either 
sampling methods such as Monte-Carlo Sampling (MCS), Latin hypercube sampling (LHS), 
Adaptive Importance Sampling or moment based methods such as First Order Reliability Method 
(FORM) and Second Order Reliability Method (SORM) (Refs. 3-4).  Sampling methods are in 
general, suited for a wide variety of problems, but are computationally expensive.   
 
Analytical moment based methods construct Taylor series approximations of the limit state 
function. These methods estimate the shortest distance (reliability index, β ) from the origin of 
the coordinate standard normal variable space to the most probable point (design point) on the 
limit state. The probability of failure is given by  

 )(1 β−Φ= −
fP  (2) 

where )(1 •Φ−  is the inverse of the standard normal cumulative probability distribution. For 
problems with non-normal or correlated variables, the variables must first be transformed to 
normal uncorrelated variables in standard normal space.  
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4.2  Reliability Analysis with Uncertain Distribution Parameters 
If the distribution parameters are estimated from statistical tests of small sample size, they should 
be considered as uncertain.  These uncertainties will need to be included in probability of failure 
(or reliability index) estimations.  Let us denote the set of distribution parameters of x  that are 
random as θ  and their joint probability distribution by )(θθf .  The joint distribution function of 
x  that depend on θ  can be expressed by the Bayesian estimate  

 θθθxx θθxx

θ

dfff
S

)()()( ∫=  (3) 

where, θS  is the domain of the random parameters θ , and )( θxθxf  is the joint probability density 

of x  for a given value of θ .  The probability of failure can be calculated by replacing the joint 
probability function )(xxf  in (1) by the Bayesian estimate for the joint probability density 
function for x , 

 ∫ ∫∫
<< ⎥

⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

==

0)(0)(

)()()(~

x
θθx

x
x xθθθxxx

θg Sg
f ddffdfP  (4) 

On rearranging the order of integral in (4) we obtain 
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The corresponding reliability index is 

 )~1(
~ 1

fP−Φ= −β  (6) 

It can be seen that the integral in (5) is of the same form as (1) and therefore amenable to methods 
developed for evaluating (1).  However, in this case, there are two integrations that need to be 
carried out: an inner level multi-dimensional integral to determine the probability of failure for a 
given value of θ , and an outer level integral to determine the distribution or point estimate for 
probability of failure resulting from distribution parameter variations.  The integral in (5) gives a 
point measure referred to as the predictor estimator and gives the expected value of the 
probability as the combined effect of uncertainty in variables and distribution parameters.  
 
Often in dealing with distribution uncertainties it is more desirable to obtain interval estimates.  
The rationale for specifying interval rather than point estimates is because, unlike design 
variability, statistical parameter uncertainty is a reducible form of uncertainty.  Therefore, by 
specifying bounds one can characterize more directly the effect on reliability of the uncertainty in 
distribution parameters.  One such interval estimate is confidence bounds for failure probability 

])(,)[( 1 αα ff PP −  for a given value of the response, where α)( fP  is defined as 

 ( ) αα =Φ θff PP    :)(  (7) 

The interval specified above is said to have a confidence level of 100α percent.  The confidence 
bounds allow the designer to assess the level of uncertainty in fP  due to distribution parameter 
uncertainty and can use this information to improve the design by either reducing parameter 
uncertainty or by increasing the design margins.  Often a one-sided lower confidence bound is 
specified. 

 



 31 
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4.3  Methods for Calculation Reliability Index Confidence Bounds  
Calculating reliability index confidence bounds requires evaluations of the two level probability 
integration shown in Equation 5. These integrands are not available in explicit form to perform 
analytical integration. The integrations are therefore computed using either sampling based 
methods (e.g. Monte Carlo Simulation, or MCS) or approximate moment based methods (FORM-
First order Reliability Method). Both methods require multiple evaluations of the limit state 
function (in the inner integral) and the probability of failure or reliability index (in the outer 
integral). Reference [1] presents different methods for estimating confidence bounds for 
probability of failure or reliability index.  We briefly review here one of the methods that will be 
modified later to estimate confidence bounds for inverse reliability measures. 
 
The simplest method to obtain confidence bounds is to perform a nested two-level MCS. By 
defining an indicator function )(xIg  w.r.t. )(xg , such that it is zero in the safe region and one in 
the failure region, the integral of Eq. (1) can be converted to the following form that is useful for 
simulation based approaches: 

 ( )∑
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where N is the number of independent samples of x from the density )(xxf .  Different available 
sampling strategies include random sampling, stratified sampling, and importance based 
sampling. In this study we use a Latin hypercube sampling (LHS) design which is a stratified 
sampling method. LHS design has been shown to provide 30% faster convergence in probability 
of failure calculations using MCS compared to random sampling. In the nested two-loop MCS a 
different LHS sampling design with Nsim points is used to generate sampling points in the 
distribution parameters space.  The probability of failure is calculated at each sampling point in 
the distribution parameter space. In order to minimize the variance error, the same LHS design is 
used for each failure probability calculation.  The Nsim values of the failure probability obtained 
are sorted and used to generate the empirical cumulative distribution function (CDF) for Pf. If the 
Pf values are sorted in ascending order, then the CDF value corresponding to the ith value of  Pf is 
(i-0.5)/Nsim). Alternatively if one only wants the α-percent confidence limit value then one 
chooses the (α∗Nsim/100) rank value from the sorted Pf values.  Because this approach is 
computationally expensive, it is not practical. As an alternative we present a method to develop a 
local truncated Taylor’s expansion of the failure probability as function of distribution 
parameters. 
  
4.3.1 Local Approximation for Reliability Index Developed Using a MCS and Approximate 
Sensitivities  
 
In this approach we use a single MCS to calculate failure probability and sensitivity of the failure 
probability to the distribution parameters. The sensitivities are then used to develop a local linear 
approximation of failure probability (reliability index) using a Taylor’s series expansion. 
 
We noted earlier that the failure probability integral of eq (1) can be converted to the following 
form for sampling based calculation. 



 32 

 ( )∑
=

=
N

i
gf I

N
P

1

1 xθ  (10) 

Here the N is the number of independent samples of x from the density )(xθxf . The joint density 

function of the design variables is a function of the distribution parameters of the design 
variables. Therefore the failure probability calculated θfP  is for a specified or assumed parameter 

value. Repeating this calculation for different values of θ  in a nested two-level MCS procedure, 
where θ  values are generated from the density function )(θθf  provides data that can be used to 
generate the distribution of θfP .  This approach is computationally expensive and can suffer from 

sampling errors and numerical noise (from convergence).  In the current approach we use a local 
linear approximation of the failure probability as function of distribution parameters to compute 
the confidence intervals.  The local linear approximation requires sensitivity information.  To 
obtain the sensitivity of fP , calculations are repeated after each distribution parameter is 
individually perturbed. The calculated values of fP  are used in the following central difference 
formula to obtain sensitivities: 
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It is possible to overcome the sampling errors if the same sampling points are used in evaluating 
equ. (5) using the original and the perturbed values of the parameters.  However, the noise present 
in sampling estimates leads to errors in sensitivity.  To avoid such errors, large perturbations are 
needed, which in turn can lead to bias errors.  
 
Reference 5 presented a simulation-based approach for sensitivity calculations that does not 
require re-evaluating the limit state functions.  For this, the failure probability under the new 
density, eq (14) is written in terms of the original density function, eq. (15). 
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The expected value of failure probability for the perturbed values of distribution parameters is 
provided by 
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It should be noted in the above equation that the values of )(xIg  were calculated previously when 
evaluating eq. (12).  Therefore, the new failure probability requires only evaluating the ratio of 
the density functions for the design points in the failure regions (where )(xIg =1).  The expected 
value of sensitivity is obtained by finite difference calculations as shown in eq. (15).  The 
sensitivities obtained are then used to develop a local linear approximation based on a truncated 
Taylor’s series expansion for the failure probability as function of distribution parameters θ . 
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Since fP  values can change significantly due to small changes in the distribution parameter, 
using linear approximation can lead to negative values of fP .  To eliminate these we convert the 

fP  values to the reliability index β , using Eq (2), then use them in the above equations 
developed for central difference sensitivity calculations and obtain a local linear approximation 
for β  as function of distribution parameters θ . The linear local approximation )(θβ  can then be 
used in either a MCS or a moment based FORM to compute its confidence bound.  The procedure 
to calculate confidence bounds using FORM is as follows. 
  

 ccc =≤ )(y Probabilit:  Find βββ
θ

  (16) 

The integral form of the above stated problem is as follows. 
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This approach has two shortcomings. When the perturbation is large the finite difference 
sensitivity calculated using Eq. 14 suffers from bias errors. When the perturbation is small the 
sensitivity suffers from variance errors. Furthermore, the linear local approximation leads to bias 
errors when used for large changes in the parameter values (e.g. values of the perturbation that 
have a coefficient of variation 3 or higher).  It is found that using the value of the failure 
probability calculated directly can provide accurate estimations than when using linear 
approximation with local sensitivities. We refer to this procedure as the “direct ratio” method and 
is discussed in the next section. 
 
4.3.2 Monte Carlo Simulation with Direct Ratio Method 
 
Unlike the nested two loop MCS where we have to perform MCS every time we perturb the 
distribution parameter of our random variables, the MCS with ratio method calculates the new 
probability of failure at the perturbed values of distribution parameters by summing the ratios of 
the joint distribution functions at each sampling point in the failure region.  
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The figure 4.1 below shows the probability distribution curves at mean and perturbed values of 
the distribution parameters. The blue curve represents the probability distribution curve at mean 
value of the distribution parameters f(x(j)|θi). The red curve represent the probability distribution 
curve at the perturbed values of the distribution parameters f(x(j)|θi+∆θi). The dots are the 
sampling points in a MCS. In this case the probability that variable x exceeds a critical value xcr is 
indicated by the hatched region. The MCS prediction for this area is 3/N where N is the total 
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number of sample points. The probability value changes when the when the parameter values are 
perturbed because the probability distribution changes (new PDF indicated by the red line) When 
using ratio method to calculate the probability of he ratios of the probability distribution functions 
at the sample points are calculated and used as described Eqn. 18. 

 
Figure 4.1 - The representation of the distribution functions at mean of the distribution parameters (θ) and 
at the perturbed distribution parameter (θ+δθ). 

There are two shortcomings of the above methods. One is that the computational cost of this 
method is high even with the approximation method of calculating confidence bound for failure 
probability, because it requires a MCS at each design point. Performing optimization with MCS 
directly is not feasible. This requires the use of surrogate models such as response surface 
approximations. Response surface approximations also address the second shortcoming, the noise 
introduced in the calculations from the random sampling errors.  However, developing accurate 
response surfaces based surrogate models for probability of failure has been shown to be difficult, 
because small changes in design can change failure probabilities by orders of magnitude. In 
recent years different inverse probability measures have been proposed to address this problem. 
In this analysis we choose the probabilistic sufficiency factor proposed by Qu and Haftka (Ref. 
7).  

4.4  Probabilistic Sufficiency Factor 
A solution to the difficulty in fitting high accuracy design response surface is the use of an 
equivalent safety factor approach  or the probabilistic sufficiency factor (Ref. 7). While the failure 
probability changes by several orders of magnitude in the design space, the load or safety factor 
changes by one order of magnitude at most. This implies that a more accurate response surface 
can be fitted to approximate the ‘equivalent safety factor’. Qu and Haftka (Ref.7), presented the 
use of a probabilistic sufficiency factor (Psf ) for developing very accurate DRS and showed that 
Psf  can be more accurately approximated with response surfaces compared to probability of 
failure. This section, explains how the probabilistic sufficiency factor is calculated and its 
physical interpretation. 
 
Any deterministic design optimization problem has constraints that can be expressed as 

 ( ) ( )xx cr gg ≤  (19) 

where ( )xrg denotes a response quantity and ( )xcg  represents the capacity and x is the vector of 
design variables.  In reality the design is always affected by the random variations of the design 
variable as well as other system parameters (represented by the vector of random variables, (d). 
The constraint equation can be expressed as, 

xc

r 

x 
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 ( ) ( )dxdx ,, cr gg ≤  (20) 

In deterministic optimization we require that the safety factor be greater than the specified safety 
factor (typically between 1.1 to 1.4 for aerospace structures), i.e., 

 ( ) ( )
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dx
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In probabilistic design, the constraint takes the form, 

 ( ) r
g
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In traditional probabilistic design we want to ensure that the probability that any constraint is 
violated be kept below a specified failure probability requirement rP . This is expressed as 

 rPs ≤≤ )1(yProbabilit  (23) 

The above formulation provides an estimate of the safety factor that must be applied to the design 
to achieve a required failure probability of rP . The probabilistic sufficiency factor ( sfP ) is defined 
as the solution to  

 rPPSFs =≤ )(yProbabilit  (24) 

The PSF is the value of the safety factor that has a probability of being violated equal to rP . 
The PSF can be calculated from the same Monte-Carlo simulations used to obtain the failure 
probability.  The safety factors for the n samplings in the Monte-Carlo simulations are ranked in 
ascending order. In the ranked list the pth smallest safety factor corresponds to a safety factor that 
is sufficient to attain a target probability of failure value of (p/n). For computational efficiency 
reasons, only the p smallest safety factors need to be sorted. For example in a sample size of 107 
(ten million) the 10th smallest safety factor indicates the safety factor required to achieve a failure 
probability of 10-6 (one out of one million). The PSF  is the minimum safety factor needed to 
achieve a specified failure probability. When there are multiple constraints (k), the most critical 
safety constraint is calculated as the minimum safety factor among all constraints at each Monte-
Carlo sample. 
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The safety factor is defined as before for each constraint. Once the critical safety factor is found, 
the PSF  calculation is performed as explained above. 
 
Highly accurate response surface approximations can be fitted to PSF because it varies by at most 
one order of magnitude over the design space, whereas probability of failure can vary by many 
orders of magnitude. Since, sfP  is calculated using MCS it requires a response surface 
approximation to filter noise. The response surface fitted to the PSF calculated at design of 
experiments points is the DRS. The obtained DRS is used as a constraint equation in the 
optimization. In a minimum weight optimization, the constraint specifies the safety factor 
required in different regions of the design space that is needed to enforce the specified failure 
probability. While this approach solves the problem of fitting errors in DRS that reduce accuracy 
of the reliability calculations, it has not addressed the computational cost required for calculating 
the sufficiency factors. 
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4.4.1  Calculating Confidence Bounds for Probabilistic Sufficiency Factor 
The direct ratio method presented above for calculating sensitivities of the reliability index with 
respect to distribution parameters is modified here to obtain PSF  sensitivities. Once the PSF at 
the specified values of distribution parameter θ  is calculated as )(θPSF , the PSF at a perturbed 
value of the distribution parameter )( θθ Δ+  is found using the ratio of the joint distribution 
function at the MCS sampling points. The procedure for calculating the PSF at perturbed values 
of the distribution parameter )( θθ Δ+PSF  is as follows: 

 
1. Using specified values of θ  generate N sample design points in the design variables (x) 

space according to their probability distributions using MCS. 
2. Evaluate the constraint functions at sampling points and calculate the safety factor and 

sort sampling points in the MCS in ascending order according to the safety factor values.  
3. Obtain the PSF for specified target failure probability. 
4. At each sampling point compute the ratio of the joint density function of the random 

variables )](/)([ )()( θθθ jj ff xx Δ+ . 
5. Find the of PSF at perturbed values as follows: 
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 (26) 

The sensitivities of the PSF are calculated using finite differences to develop a local linear 
Taylor’s series approximation for the PSF as a function of distribution parameters. This linear 
local approximation is used with a FORM method to estimate the lower confidence limit using 
the procedure explained earlier for reliability index confidence bound estimation. 

4.5  Demonstration Problem 
A simple beam problem (Figure 4.2) is used to test methods for obtaining confidence intervals of 
PSF based on uncertainty in the distribution parameters used to describe the random variables.  
This example has been used by other researchers (Refs. 2 and 7) as a test case for development of 
reliability analysis and optimization methods. We have used this example in our previous work 
on estimating confidence bounds for reliability index and probability of failure. The design 
variables are the cross-section shape dimensions of the beam, the width b and height h.  The beam 
is made of an isotropic material whose properties are shown in Table 4.1. The loads and material 
properties are assumed to be random variables, and their statistical properties are listed in Table 
4.1. 
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Figure 4.2 - Schematic of the beam chosen as example with identified geometric and load variables. 

 
 

Table 4.1 - Details of random variables 

Variable Mean COV Distribution 
Load X (lb) 500 0.2 Normal 
Load Y 1000 0.1 Normal 
Modulus, E 
(psi) 

29.0e+06  0.05 Normal 

Strength, R 
(psi) 

40,000  0.05 Normal 

Length, L 
(inch) 

100 0 Fixed 

 
A reliability optimization problem statement follows,  where the lower limit of the PSF is used as 
the constraint. This accounts for both variability (random variables) as well as data uncertainty 
(variation in distribution parameters of random variables). 

 1    :
  Min

≥CLPSFst
bh

 (27) 

Two physical constraints (for stress constraint gs  and displacement constraint gd) are used to 
calculate the PSF  
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The limiting value for the displacement D0 is 2.25 inches. The optimum design was obtained by 
Qu and Haftka 2004, for the above problem using response surface approximation. The optimum 
design was 6041.2* =b ,   6746.3* =h having a failure probability of  -310x  289.1=fP .  
 
For the current problem it is assumed that the mean and variance specified for the four random 
variables are estimated from test data of a small sample size (n). The mean and variance of a 
normal variable are known to have a normal and Chi-squared distribution respectively.  The 
distributions of the mean Xm and variance 2

Xs of a normally distributed variable ( )2, XXNX σµ=  
estimated from a sample of size n, are as follows. 
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A value of n=10 is chosen for the calculations. 
 

4.6  Verifying Accuracy of Reliability Confidence Bounds Calculations 
In this section we present some examples to demonstrate the accuracy of the different methods 
proposed to estimate confidence bounds of reliability measures used to quantify effect of 
statistical data uncertainty.  

4.6.1 LHS design at test points and fitting points 
We generated two sets of design of experiments points to use for validation and comparison of 
the methods proposed to calculated confidence bounds for reliability measures that  result from 
data uncertainty. These points will also be used as design of experiments for fitting response 
surface approximations, discussed later. The first set, (henceforth referred as test points, is 
composed of 20 points in the design space spanned by the beam thickness (t) and width (w) 
variables. The 20 points chosen (Figure 4.3a) are a Latin hypercube sampling (LHS) design of 16 
points (for design variables w and t) along with four vertex points. The LHS design was 
optimized for maximizing the minimum distance between points. The second set of points is a 
LHS design of 20 points in the same design space (Figure 4.3b).  
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                                                        (a)                                                                                (b) 

Figure 4.3 - Design of experiments used to assess accuracy of the methods developed for confidence bound 
calculations, and for response surface fitting and validations (a) Optimal-Latin hypercube sampling design 
of 16 point plus four vertex points used as fitting design (b) Latin hypercube sampling design of 20 points 
in the design space used as test points. 

 

4.6.2 Accuracy of 95th percentile confidence bounds for probability of failure 
calculations 

The 95th percentile confidence bound for the probability of failure is computed for the 20 fitting 
points design using different methods and compared in Figure 4.3. By computing confidence 
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bounds for the 20 points distributed over the design space we can assess how well the methods 
work for various designs. The most direct brute force method is the nested two loop Monte Carlo 
Simulation. The inner loop MCS uses a LHS sample with 105 sampling points to calculate failure 
probability. The outer loop MCS uses a 1000 sample LHS design to generate 1000 samples of the 
distribution parameter values. At each sample point in the distribution parameter space the 
probability of failure is computed. In our analyses we assume that the sampling errors in the MCS 
are negligible and therefore are the best estimate for the confidence bounds. These are compared 
with the approximate confidence bounds calculated using the linear approximation and the direct 
ratio methods. For the linear approximation methods the distribution parameters were perturbed 
by 5% and the sensitivities were calculated. Developing linear approximations for probability of 
failure directly led to physically impossible values of failure probability when the interpolation 
errors were large (e.g. negative values or values greater than one). To avoid such difficulties, the 
probability of failure calculated using the MCS was converted to a reliability index value (using 
Eq. 2). Sensitivities are then calculated for the reliability index and used to develop a local linear 
approximation for reliability index.  The linear approximation is then used in a MCS where the 
statistical input parameters are varied.  The fifth percentile value of reliability index is identified 
and converted back to a probability value. For the direct approach, the 1000 values for the failure 
probability corresponding to the 1000 sample points in the distribution parameter space are 
calculated directly using the ratio in Eq. 18.  The resulting probability value corresponds to the 
95th percentile value for probability of failure.  The confidence bounds calculated from the 
method described above is then compared with the 95th percentile value of probability of failure 
calculated directly using a nested two-loop MCS. 
  
Table 4.2 presents a summary of errors in the linear approximation and direct ratio methods .  
Figure 4.4, compares the predictions for the 95th percentile confidence bound of failure 
probability from the linear approximation, direct ratio, and nested MCS methods. For error 
calculations we assume that the nested two-loop MCS prediction is the true value.  

 
Table 4.2 - Accuracy of estimating 95th percent confidence bounds for failure probability 
using linear approximation and direct ratio methods.  

 Stress Constraint Displacement Constraint 

 

linear 
approximation 
using 
sensitivity 
from direct 
ratio 

Direct 
ratio 
method 

linear 
approximation 
using 
sensitivity 
from direct 
ratio 

Direct 
ratio 
method 

Error     
r.m.s. value 0.0134 0.0011 0.0230 0.0008 

maximum 0.0284 0.0028 0.0653 0.0023 
minimum 0.0000 0.0000 0.0000 0.0000 

95th percentile value 
of failure probability     

Average 0.3437 0.3438 0.4365 0.4311 
maximum 1.0000 1.0000 0.9999 1.0000 
minimum 0.0000 0.0000 0.0000 0.0000 
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Figure 4.4 - Comparison of the 95th percentile confidence bound for probability of failure calculated using 
linear approximation and direct ratio methods for the strength and displacement constraint. 

Table 4.3 - Accuracy of estimating 5th percentile confidence bounds for probability 
sufficiency factor using linear approximation and direct ratio methods.  

 Stress Constraint Displacement Constraint 

 

Linear approx. 
using sensitivity 
from ratio method 

Direct 
Ratio 
Method 

Linear approx. 
using sensitivity 
from ratio method 

Direct Ratio 
Method 

Relative Error    

r.m.s. value 0.0441 0.0263 0.0288 0.0275 
maximum 0.1437 0.0506 0.0759 0.0405 
minimum 0.0017 0.0013 0.0076 0.0150 

5th percentile value of 
probability sufficiency 
factor (PSF)     

average 0.9109 0.9151 0.8415 0.8733 
maximum 1.8400 1.7830 2.1200 2.1237 
minimum 0.3500 0.3501 0.1960 0.2008 
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The evaluation of accuracy of the methods shows that the confidence bound predicted by the ratio 
method is more accurate than the linear approximation method.  The linear approximation method 
yields failure probability value changes of several orders of magnitude over the design space 
(from almost 0 to 1.0). For design purpose we are interested in failure probabilities of the order of 
10-3. The prediction accuracy for the confidence bound is low for smaller values of failure 
probability. Another problem with the MCS based methods is that with a fixed sample size, the 
accuracy of the estimations of failure probability changes over the design space. Accurate 
estimation of failure probabilities using MCS requires a sample size of at least 100/Pf.  The 
accurate estimation of sensitivities or failure probabilities using the ratio method from MCS 
calculation requires at least one or two orders of magnitude more samples. The linear 
approximation prediction suffers in accuracy when the evaluation points are far from the 
approximation point (mean value of parameters due to the bias errors). The relative errors in the 
failure probability predictions can be as high as 100% or more at the lower range.   

4.6.3 Accuracy of 95th percentile confidence bounds for probability sufficiency 
factor calculations 

Figure 4.6 compares predictions for the 5th percentile confidence bound of probability sufficiency 
factor derived from the linear approximation, direct ratio, and nested MCS methods. Table 4.3 
summarizes errors in the estimates for the 5th percentile confidence bound of probability 
sufficiency factor calculated using the linear approximation and direct ratio methods . For the 
error calculations, we assume that the nested two-loop MCS prediction is the true value. The 
estimated confidence bounds for PSF derived using the direct ratio method are the most accurate. 

Figure 4.5 - Comparison of 
the 95th percentile confidence 
bound for probability of 
failure calculated using 
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The root mean square value of the relative errors is less than 3% and the maximum errors are 5% 
or less.  The accuracy of the PSF estimate at all points in the design is the same, corresponding to 
a fixed target failure probability.  The value of PSF does not change more than a factor of 5 
(compared to probability of failure that changes by several orders of magnitude) over the entire 
design space. This leads to more accurate estimates for the 5th percentile confidence bound and 
will help with approximating the confidence bounds using response surfaces as a function of 
design variables. 
 
 

 

 

 

 

 

Figure 4.6 - The response surface prediction plots of 95th % Pf at fitting points and test points at both 
strength and displacement constraints. 
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Figure 4.7 - The response surface prediction plots of 5th percentile value of reliability index β at fitting 
points and test points for both strength and displacement constraints. 

 

4.7  Response Surface Approximations 
 
The goals of this study are  (a) to develop a method to optimize a structural system for specified 
reliability constraints and (b) to minimize the variance of the reliability estimates that result from 
data uncertainty. This requires using values of the reliability estimate and the confidence bounds 
in optimization. Using values calculated with sampling methods poses two problems. One is that 
the estimate has a small amount of noise and cannot be used in gradient based optimization.   The 
second problem is that the computational effort needed for the multiple evaluations of these 
responses can be prohibitively expensive. For these reasons, we use response surfaces to 
approximate the reliability measure and its confidence bound as function of design variables. We 
use the design of experiments discussed previously for fitting the response surfaces and for 
characterizing their prediction accuracy (testing points).  The response surface fit is performed 
using the JMP™ software. A full cubic model is used in a stepwise regression procedure. 
Stepwise regression eliminates any term that has a low confidence value. JMP uses the Mallow-
statistic to determine which terms to include in the model.  The resulting model is used in a least 
squares fitting procedure to estimate the undetermined coefficients. 
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4.7.1 Response surface prediction plots at 95th percentile Pf and 5th percentile 
Reliability Index (β). 

The plots below (Fig. 4.6) show the response surface prediction of 95th % probability of failure Pf 
for both the constraints of the test problem at 20 fitting points and 20 test points. The plots clearly 
indicate that some of the predicted Pf values obtained using response surface are negative, which 
is physically impossible. Also, since the probability of failure changes by many orders of 
magnitude over the design space, accurately representing this change with a low order polynomial 
(cubic in this example) is not possible. . In order to overcome the problems encountered in fitting 
response surface approximations to probability of failure, we can convert the Pf values to 
reliability index β values (Eq. 2.). Figure 7 shows the response surface prediction for the 
reliability index (β). Converting failure probability or reliability index scales the response to have 
smaller variations. This leads to improved accuracy in fitting the response surface. However, 
small errors introduced in fitting the reliability index will still translate into large errors in failure 
probabilities when we do reverse mapping from reliability index to failure probability. 

4.7.2 Response Surface Approximation of PSF lower confidence limit 
Figure 4.9 presents the comparisons of the response surface prediction for the 5th percentile 
Probability Sufficiency Factor (PSF) with the value calculated using the nested two-loop MCS 
(TLMCS). Table 4.4 and 4.5 summarize the results of the response surface fit to the PSF and the 
5th percentile value of PSF when subjected to data uncertainty. The response surface fit to the 
probability sufficiency factor (PSF) as expected provides very accurate predictions at fitting and 
the test points.  
 
 
 

 

 

 

 

 

 

Figure 9 - Comparison of  response surface prediction for the 5th percentile value of the PSF at fitting 
points and test points with values calculated from nested two-loop MCS. 
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Table 4.4 - The prediction accuracy of response surface  probability sufficiency factor (PSF) at the 
fitting and test points.  

Error statistics Fitting Points  PSF at mean 
values of θ 

Test points PSF at the mean 
values of θ 

 Strength Displacement Strength Displacement 
R2 0.99998 0.99998 0.99975 0.999954 
R2 Adjustment 0.99997 0.99997 0.99998 0.999933 
R.M.S. error 0.000668 0.002735 0.001025 0.003521 
Mean of 
response 

1.01699 0.96794 1.013069 0.943602 

 
Table 4.5 - The prediction accuracy of response surface for 5th percentile probability sufficiency 
factor (PSF)at the fitting and test points.  

Error 
statistics 

Fitting points (5th percentile 
PSF) 

Test points (5th percentile PSF) 

 Strength Displacement Strength Displacement 
R2 0.99999 0.99996 0.99932 0.99991 
R2 
Adjustment 

0.99998 0.99995 0.99992 0.99985 

R.M.S 
error 

0.00047113 0.003197084 0.00074831 0.004405765 

Mean of 
response  

0.929764 0.854183 0.926015 0.83163 

 
 

4.8  Reliability Optimization with Data Uncertainty 
 
In the previous sections we discussed how to propagate statistical parameter uncertainties and 
calculate confidence bounds for reliability estimates. In particular, we demonstrated that using the 
inverse probabilistic measure (probability sufficiency factor) leads to more accurate estimates for 
the confidence bounds, and provides more accurate design response surface approximations. In 
this section we use the response surface fitted to the PSF calculated using the mean value of, the 
statistical parameters, and the response surface fitted to the 5th percentile value of the PSF 
calculated using the random distribution of their parameters  in a bi-objective optimization. The 
first objective is minimum mass subject to reliability constraints. This formulation is a traditional 
reliability based design optimization (RBDO). The second objective is to minimize the change in 
the reliability estimate when statistical input data uncertainty is introduced with the same 
reliability constraint as objective one. The bi-objective optimization combines the above two 
optimizations, and attempts to simultaneously minimize the mass, and the difference of the 5th 
percentile PSF confidence bounds and the PSF estimates. This  provides a robust RBDO 
formulation. The bi-objective optimization should find a design that satisfies reliability 
constraints and is robust (that is, the reliability is insensitive to the input statistical data 
uncertainty).  
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4.8.1 Problem formulation 
We first perform the single objective optimizations to obtain the optimal objective function 
values. The optimization problem statements for the single objective optimization are as follows. 
 
a. Optimization for minimum mass 

Minimize wtfV = . 

Subject to  
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b. Optimization for minimum sensitivity to data uncertainty 
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The single objective optimization provides the best possible value for each objective function. 
These values will be the upper bounds for the respective objective functions in a bi-objective 
optimization. The design optimized for each objective is also analyzed to obtain the value of the 
other objective function for which it was not optimized. This value provides the lower bound for 
the objective functions in the bi-objective optimization.  
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Figure 4.10 - The optimized values obtained for individual objective functions when each objective function 
is individually optimized independent of the other. 

Figure 4.10 presents the two optimum results in the objective function space. The optimum values 
of the objective functions correspond to point A and point B respectively.  It is impossible to 
simultaneously improve both objective functions. Improving one will lead to worsening of the 
other. The compromise designs are referred to as pareto-optimal designs. To generate such 
designs we use an objective function formulated as the weighted sum of the two objective 
functions normalized by their bounds. The composite objective function is, 
 
 N

CB
N
V fff αα +−= )1(  (35) 

 
where the normalized objective function for the volume function N

Vf  is defined as 

 
AB

AN
V VV

VVf
−
−

= . (33) 

 
and the normalized objective function for the confidence bound function =N

CBf is defined as 

 
BA

BN
CB CBCB

CBCBf
−

−
=  (34) 

The weighting coefficient α is varied from 0 to 1 in increments of 0.1 and a new optimum design 
obtained for each case.  As the value of α changes, the relative importance of the two objective 
functions is also changed. This allows us to generate the pareto-optimal designs.  
 

4.8.2 Results from the bi-objective optimization 
 
Table 4.5 presents the pareto-optimal designs obtained from the bi-objective optimization using 
the weighted sum approach.  It shows the optimum designs obtained for bi-objective optimization 
and the predicted response surface  values of the objectives. The pareto-optimal design shows that 
the optimization for reduced variance in the PSF due to data uncertainty requires increased mass 
(volume). Figure 4.11 presents the pareto-curve for the bi-objective optimization.  The values 
plotted are based on the response surface prediction.  The pareto curve shows a “knee” at alpha 
value of 0.8.  This is the point at which the pareto optimum curve shows a large change in slope. 
The significance of the knee point is that a further reduction in confidence bounds function below 
(0.0057) requires a significant increase in the volume.  
 
Table 4.5 - The values of individual objective functions values obtained at each value of alpha (α)  

1. Alpha 
(α) 

2. Width 
‘w’ 

3. Thickness 
‘t’ 

4. Volume 
function 

(fV) 

5. Confidence 
Bound 

function (fCB) 
6. 0.0 7. 2.494 8. 3.827 9. 9.5447 10. 0.0188 
11. 0.1 12. 2.521 13. 3.786 14. 9.5458 15. 0.0185 
16. 0.2 17. 2.636 18. 3.625 19. 9.5610 20. 0.0170 
21. 0.3 22. 2.878 23. 3.35 24. 9.6440 25. 0.0124 
26. 0.4 27. 3.074 28. 3.175 29. 9.7626 30. 0.0082 
31. 0.5 32. 3.183 33. 3.093 34. 9.8481 35. 0.0061 
36. 0.6 37. 3.212 38. 3.073 39. 9.8737 40. 0.0057 
41. 0.7 42. 3.212 43. 3.073 44. 9.8737 45. 0.0057 
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46. 0.8 47. 3.219 48. 3.071 49. 9.8862 50. 0.0056 
51. 0.9 52. 3.322 53. 3.044 54. 10.0999 55. 0.0049 
56. 1.0 57. 3.401 58. 3.022 59. 10.2812 60. 0.0047 
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Figure 4.11 - The Pareto Optimal curve which is the trade off curve between the two objective functions. 
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Figure 4.12 - The 5th percentile confidence bound for PSF and volume of the pareto-optimal 
designs.  

Figure 4.12 presents the actual values of the 5th percentile value of PDF. The lower of the two values 
calculated for the stress and displacement constraint are plotted, since they will govern the design.  The 
design without any data uncertainty has a PSF  value of 1.0. Adding data uncertainty decreases the PSF 
value to values ranging from 0.89 to 0.97. An optimum design that does not take into consideration data 
uncertainty will need to decrease the stress or displacement by as much as 11% to ensure that a failure 
probability of 10-3 is achieved with 95% probability. When optimized for data uncertainty the reduction is 
only 3% 9PSF = 0.97. 
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4.9  Conclusions 
 
A method was presented to quantify the effects of data uncertainty on reliability predictions. The 
uncertainty is quantified in the form of confidence bounds. Difficulties in quantifying confidence 
bounds directly for probability failure are demonstrated. It is shown that using inverse probability 
measures such as the probability sufficiency factor (PSF) lead to more accurate estimates for the 
confidence bounds. A method was developed and implemented that used the 5th percentile 
confidence bound for PSF. The fifth percentile value indicates the reduction factor needed for the 
performance or load capacity to ensure that the reliability constraints are satisfied with 95% 
probability in the presence of data uncertainty.  The inverse measure method is also advantageous 
when fitting response surfaces approximations needed for design optimization. A bi-objective 
reliability based design optimization is formulated and solved. The optimization results in 
identifying a reliability based design that is minimally sensitivities to data uncertainty. 
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5.0  Estimating Reliability Confidence Bounds with Bayesian Inference 
of Johnson SU Family Distribution Parameters 

5.1 Summary 
Probabilistic analysis of physical systems requires information on the distributions of random 
variables. Distributions are typically obtained from testing or field data. In engineering design 
where tests are expensive, the sample size of such data is small O(10). Identifying correct 
distributions with small size samples is difficult. Furthermore, parameters of assumed 
distributions obtained from small sample data themselves contain some uncertainty. In this study 
a Johnson SU family distribution function is used to identify shape, location, and scale parameters 
of a distribution that can best fit small samples of data. A Bayesian inference procedure is used 
to determine distributions of the parameters.   

5.2  Introduction 
 
Simulation of a stochastic process, such as a simulation to estimate reliability/probability of 
failure of a system, often requires specifying the distribution function for the random variables. 
The accuracy of the simulation results depends on the accuracy of the specified distribution 
functions that characterize the variability of the design parameters. Typically, the probability 
distributions of random variables are identified from extensive testing of field data for failure. 
Extensive testing is frequently not possible due to time and cost constraints. In such cases 
identifying probability distributions becomes challenging. Often, distributions chosen a priori are 
fitted to available data, and the goodness-of-fit test is used to accept or reject the selected 
distribution shape. When the sample size is small, the goodness-of-fit measures are not sufficient 
to discern the best distribution function fit to the available data. This introduces the possibility of 
choosing an unfeasible distribution shape. Even if the correct distribution can be guessed from 
prior experience, estimating parameters from small sample data introduces random errors.  
Therefore, when actual data is scarce for random variables, there is uncertainty in the fitted 
distribution function (shape parameter) and parameters (e.g. mean and variance–location and 
scale). These uncertainties lead to uncertainty in the simulation results. 
  
Different distributions fitted to the same small sample data set can lead to similar values for the 
goodness-of-fit measures, as demonstrated herein. In reliability estimation, it is possible to 
compute an estimate based on several distributions fitted to the small sample data, then select the 
distribution that gives the most conservative estimate [1]. Another option is to choose distribution 
functions that can fit a family of distributions (e.g. Persons family of distributions and Johnson’s 
family of distributions). The functions that can fit a family of distributions typically have multiple 
parameters that can account for distribution shape in addition to location and scale (mean and 
variance).  
 
There are several methods to estimate distribution parameters and their confidence bounds, 
including moment matching estimate, least square estimation of the cumulative density function 
(CDF), maximum likelihood estimate (MLE), and Bayesian estimate. When the parameters are 
estimated using MLE, their confidence bounds can be estimated analytically based on the 
assumption of asymptotic normality [2]. Confidence bounds can also be estimated by performing 
re-sampling techniques. An example of such a method is the bootstrap method. Frey and Rhodes 
implemented this method to characterize uncertainty and confidence bounds of the parameters of 
normal, Lognormal, Gamma, Weibull, and Beta distributions [3]. Another method to estimate the 
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confidence is Huyse and Thacker’s use of Bayesian inference is discussed briefly in [2], where 
their applications were illustrated. Bayesian inference will be discussed thoroughly in this work 
as a method to estimate the confidence bounds of Johnson distribution parameters estimated from 
small sample data. Uncertainty in the fitted parameters (data uncertainty) is used to estimate 
confidence bounds for reliability estimates. 

5.3  Example of Real Data 
 
This case study uses actual experimental data from a ceramic matrix composite material used to 
design a gas turbine vane [4]. The elastic modulus of the material and ultimate strength of the 
material were obtained at 2200o F. A total of 24 tests were performed (see Table 5A.1 in 
Appendix 5A). In this study, the elastic modulus data are used. The data are scaled to have a 
mean value of 29 × 106 psi, to make it compatible with a test problem that was previously used to 
investigate data uncertainty [5 and 6]. 
 
A. Fitting Data with Various Distributions 
 
When the true population distribution is unknown, it is common to choose or guess the 
distribution based on prior experience or knowledge of the physical cause for the variability. The 
best fitting distribution among assumed distributions is then used to characterize the random 
variable. The original authors of the paper from which data shown in Table A.1 were obtained 
had used a two-parameter Weibull function to develop the probability distribution for the 
variability in elastic modulus. In addition to the two-parameter Weibull function, a normal 
distribution is fitted to the small sample data set and compared to the goodness-of-fit test. The 
Kolmogorov-Smirnov test (K-S test) [7] is used as a goodness-of-fit measure. The K-S test allows 
one to determine whether indeed the data follow the assumed distribution.  A critical p-value of 
0.05 is chosen. The null hypothesis (that the chosen distribution is consistent with data) is 
rejected when the p-value is less than the critical value.  
 
A two-parameter Weibull function was fitted to the data using MLE for the parameter estimation. 
The normal distribution was fitted by estimating the mean and variance of the data using 
minimum variance unbiased estimator (MVUE).  The K-S statistic is computed for both fits. The 
estimates of the parameters and the corresponding K-S statistic and p-values are shown in table 1. 
The K-S statistic is not significant enough to reject the null hypothesis that the experimental data 
follow either normal or Weibull distribution. This demonstrates that the goodness-of-fit test is 
insufficient to discern the underlying distribution of a set of sample data.  
 

Table 5.1.Statistical parameters of fitted distributions. 
61. Distribution 

type 
62. Normal 63. Weibull function 

64. Probability 
density function 65. 

22 2/)(

2
1),;( σµ

σπ
σµ −−= xexf  66. 

b

a
x

bb exbabaxf
⎟
⎠

⎞
⎜
⎝

⎛−
−−= 1),;( ) 

67. Parameter 
estimates 

68. µ = 29.0 × 106  
69. σ = 2.2 × 106 

70. 61030×=a  
71. 69.13=b  

72. K-S statistic 73. 0.171 74. 0.187 
75. p-value 76. 0.451 77. 0.340 
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B. Fitting Data with Johnson Family Distribution 
 
The Johnson distribution can fit different distribution shapes. The shape of the fitted distribution 
is controlled by the parameters in the function as well as by the transformation function used. A 
brief description of the Johnson distribution function is provided here. Since the Johnson family 
distribution has the flexibility to fit data with a large range of different distribution function 
shapes, it is not necessary to test different distributions that will give the best fit to a set of sample 
data. Fitting data of a random variable with the Johnson distribution involves transforming a 
continuous random variable x, whose distribution is unknown, into a standard normal (z) with one 
of the four normalizing translations proposed by Johnson [8]. The general form of the translation 
is  

 ⎟
⎠

⎞
⎜
⎝

⎛ −
+=

λ
ξ

δγ
xfz , (1) 

where z ~ N(0,1). The translation functions that map different distributions to the standard normal 
distribution in the Johnson distribution function are as follows: 
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where y = (x-ξ)/λ. 
 
DeBrota et al. [9] present four methods to estimate the Johnson parameters. These methods are 
briefly described as follows: 

1. Moment matching 
The moment matching method involves determining the family distribution first by the 
location of skewness, β1, and kurtosis, β2, in figure 5.1. The number of parameters to be 
estimated is then determined by solving a system of nonlinear equations between the 
sample moments and the corresponding moments of the fitted distribution. 

2. Percentile matching 
This method involves estimating k parameters by matching k selected quantiles of the 
standard normal distribution with the corresponding quantile estimates of the target 
population (the selected Johnson family distribution). 

3. Least squares 
This method involves minimizing the distance between a vector of uniform order 
statistics and its corresponding expected value. The details of this method are available in 
reference [9]. 

4. Minimum Lp norm estimation 
This method uses L1 and L∞ norms in estimating the parameters of the Johnson family 
distribution. The idea is to minimize some metric based on the distance between the 
empirical CDF of the data and the theoretical CDF of the fitted distribution. Details of 
this implementation are provided in reference [9]. 

 
Venkataraman and Wilson [10] developed a computer program that incorporates these methods 
for estimating parameters of Johnson family distribution, called FITTR1. The moment matching 
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method in FITTR1 is used to estimate the Johnson function parameters. The procedure is as 
follows: 

1. Calculate the moments of x: m2, m3, and m4. 
2. Calculate the skewness and kurtosis of x: 3

2
2
31 /mm≡β  and 2

242 /mm≡β . 
3. Use the following chart in figure 1 to determine the family: 

 
Figure 5.1 - Johnson distribution family identification. 
 
The unbiased estimate for β1 and β2 is used. For experimental data, β1 and β2 are found to be 
0.1451 and 2.47 respectively. Based on the identification chart, the distribution is bounded. 
 
After the distribution parameters of the experimental data have been estimated, regenerating 
random variable x that follows this distribution is easy. The first step is to generate standard 
normal random variable z. Then x can be generated by performing the inverse translation to z: 

 ⎟
⎠

⎞
⎜
⎝

⎛ −
+= −

δ
γ

λξ
zfx 1   (3) 

The experimental data are fitted with the Johnson distribution, and a Kolmogorov-Smirnov test is 
performed to determine how well the data follow the fitted distribution with the estimated 
parameters. The estimated parameters of the Johnson distribution and results from the K-S test are 
shown in Table 5.2. DeBrota et al. [9] reported that fitting the Johnson distribution with a small 
sample data set always results in a bounded distribution due to the limited data available. In cases 
of high reliability estimations (or low failure probabilities), the tail regions of the variable 
distributions play a significant role in the estimate. Choosing a distribution that truncates the tail 
due to data scarcity could lead to erroneous estimations for reliability. In this study, an 
unbounded family curve is fitted to the experimental data, even when the moments indicate 
otherwise. The Johnson function parameters are estimated using diagonally weighted least 
squares estimation of the CDF (method developed by Swain, Venkataraman, and Wilson [10]) 
using FITTR1 software. The estimated parameters of the unbounded Johnson distribution (SU) 
and K-S test results are provided in table 2 and compared to the bounded Johnson distribution 
fitted earlier. 
 



 54 

Table 5.2 - Estimated Johnson distribution parameters. 
78. Johnson 
Distribution type 

79. Bounded 80. Unbounded 

81. Parameter 
estimates 

82. γ = 0.616, δ = 
1.15. 
83. ξ = 24.3 × 106, λ 
= 12.2 × 106. 

84. γ = -4.148, δ = 3.838. 
85. ξ = 21.4 × 106, λ = 
5.651 × 106 

86. K-S statistic 87. 0.125. 88. 0.124 
89. p-value 90. 0.823. 91. 0.828 

 
The fitted distributions were sampled (100,000 samples) using the estimated values of their 
respective parameters and the resulting data are used to plot the probability density functions 
(PDF) shown in Figure 5.2. The results are superimposed with the PDF of the experimental data 
in Figure 5.2. The mean and standard deviation of the samples from the distributions are also 
tabulated in Table 5.3. From Table 5.3, the Johnson SB distribution has the mean and variance 
that most closely matches the mean and variance of the original data. 
 

 
Figure 5.2 - Probability density functions of experimental data fitted with normal, Weibull, Johnson SB and 
Johnson SU distributions. 
 
 
  Table 5.3 - Mean and standard deviation of samples generated by different distributions. 

92. Underlying 
Distribution 

93. (100,000 samples) 
94. µ × 106 psi 95. σ × 106 

psi 

96. Experimental data (24 
samples) 

97. 29.00 98. 2.206 

99. Normal 100. 29.01 101. 2
.208 

102. Weibull 103. 28.92 104. 2
.585 

105. Johnson SB 106. 29.00 107. 2
.206 
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108. Johnson SU 109. 29.02 110. 2
.530 

 

5.4  Variation in the Distribution Parameters 
 

A. Bootstrap Technique 
 
The values of parameters of normal, Weibull, and Johnson distributions have some inherent 
uncertainty due to the small sample size of the data set from which they were estimated. To 
quantify the uncertainty in the estimated distribution parameters of the Johnson distribution, a 
bootstrap re-sampling procedure was used. The bootstrap technique re-samples the original 
sample set of 24 observations with replacements, and obtains a new set of 24 samples. After each 
sampling, the parameters are estimated using the selected samples (due to sampling with 
replacement some samples are repeated in the new selected set). Bootstrap sampling was applied 
1000 times, and the statistical parameters estimated were computed for each sample set in 1000 
bootstrap repetitions.  
 

Table 5.4 - Parameter estimates for Johnson distribution from bootstrap. 
 γ δ ξ × 106 λ × 106 

mean 0.5574 1.003 24.72 11.53 
2.5 percentile -0.5435 0.2994 19.94 5.152 

97.5 percentile 2.480 3.017 26.66 28.78 
 

Table 5.5 - Bootstrap estimates for Johnson family types. 
Family Frequency Percentage 

Lognormal  1 0.1 
Unbounded 7 0.7 

Bounded 992 99.2 
Normal 0 0 

 
Figure 5.3 - Johnson family types identified from the bootstrap method (red dots) on Johnson subsystem 
identification chart. 
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In each selection set, the selection of the appropriate Johnson family function (SL, SB, SU, or SN) 
is determined using the values of the moments of the data in the selection sets (Figure 5.3). The 
results are mean 2.5 and 97.5 percentile values of each parameter calculated from the 1000 
sample sets. They are presented as the 95% confidence intervals in Table 5.4. The frequency of 
selection of each family of functions in the Johnson distribution is listed in Table 5.5.  
 
Although estimating parameter confidence bounds using bootstrap re-sampling technique is easy 
to implement, it is known that the bootstrap sampling method fails in many circumstances. 
Chernick [11] demonstrates several cases where bootstrap estimates are not accurate. This can 
occur when the sample size is too small to capture the population distribution (e.g. less than 10). 
If the sample size is too small, some bootstrap samples may be repeated many times in the re-
sampling, and the samples obtained may not represent the true variation of the distribution. The 
general rule of thumb is that the sample size (n) should be equal or greater than 20. The bootstrap 
method also fails if it is used to estimate variance of a distribution that actually has a very 
large/infinite variance.  The method also fails when it is used to estimate extreme values. To 
overcome these shortcomings, a Bayesian inference procedure is developed herein to estimate the 
distribution of the Johnson function parameters estimated from small sample data. 
 
B. Bayesian Inference 
 
This section presents a brief overview of Bayesian estimation followed by a description of its 
application to obtain confidence bounds of the parameters of a Johnson distribution function. 
Consider a set of random observations or samples from a realization of a random variable x = (x1, 
x2, …, xn). The random variable follows some distribution specified by the PDF p(x,θ), where θ  = 
(θ1, θ2, …, θk) are the parameters of the probability density function.  If we assume that the k 
parameters θ  = (θ1, θ2, …, θk) of the PDF are themselves random, then Bayes theorem allows us 
to relate the conditional probability of the random samples (x) given the distribution parameters 
(θ), p(x| θ) to the conditional probability of the parameters (θ) given the values of the random 
samples x,  p(θ |x) as shown in equations 4 and 5.  In these equations, p(θ) is known as the prior 
distributions of θ , and p(x) can be written as the expectation of p(x|θ) or also known as evidence. 

 p(x, θ) = p(x|θ)p(θ) = p (θ |x)p(x) ((4) 

 
)(
)()|()|(

x
θθxxθ

p
ppp =  (5) 

p(θ |x) shown in equation 5 (known as posterior distribution of θ  given x) is then used to develop 
the distribution of the parameters of the PDF in the Bayesian inference procedure. Information 
about the parameter θ  is updated based on the available data x using this distribution. The 
probability of the data x given the parameters θ  or p(x|θ) is known as likelihood. It is usually 
written as l(θ |x).  Since p(x) in equation 5 does not depend on θ ,  it simply acts as a normalizing 
constant and can be ignored. Therefore, the posterior distribution can be expressed as: 

 ∝)|( xθp  l(θ |x)p(θ). (6) 

The likelihood is the same as the PDF chosen to fit the data. However, the prior distribution can 
be subjective. The PDF for the Johnson family distribution can be expressed as [12]: 
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Since the primary interest is in unbounded distribution for reliability estimate, Bayesian inference 
for Johnson SU distribution is chosen. Hence,  

 )1ln()( 2 ++= yyyg  (8) 

and 

 1/1)( 2 +=ʹ′ yyg . (9) 

The likelihood of the parameters for the unbounded Johnson SU family distribution takes the form  
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Using the above likelihood function, along with a prior distribution function for the parameters, 
will provide the posterior distribution )|( xθp . There are two challenges that need to be addressed 
in this process. One is to develop a scheme for sampling the parameters based on its joint 
distribution function (posterior distribution) and the second is to choose suitable prior 
distributions for the parameters.  
 
Box and Tiao [13] argue that a proper choice of non-informative prior distributions will make the 
shape of the likelihood function independent of the data. The data would only determine the 
location of the likelihood function. One choice is the use of Jeffrey’s rule [13] to determine the 
non-informative prior distribution. In Jeffrey’s rule, 

 )()( θθ Jp ∝ , where 
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In the above expression for the prior distribution, L is the log likelihood, and the expectation is 
taken with respect to the distribution p(x|θ). A more convenient choice is the assumption of 
uniform probability for the prior distribution. In this work, a uniform probability is chosen for the 
prior distribution for each parameter. Using uniform prior distributions, the posterior distribution 
is proportional to the likelihood. In order to sample the joint distribution, which is difficult to 
sample directly, a Metropolis method with multivariate normal distribution was used (See 
Appendix 5B).  
 

5.5  Inference with Two Parameters 
 
Bayesian inference was first performed assuming ξ and λ were known, and the attempt was to 
infer γ and δ. With this assumption, the Johnson PDF can be written as [8]: 

 ( ) ( )[ ]
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p(γ) and p(δ) are chosen to be uniform. Thus the estimates for γ and δ using Bayesian inference 
are the same as the estimates using MLE. According to Johnson in [8], using MLE to estimate all 
Johnson parameters is difficult, but can be done using a method of successive approximation. On 
the other hand, estimating only γ and δ by using MLE is straightforward. First, take the log 
likelihood of equation 12 and differentiate it with respect to γ and δ: 
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By setting equations 14 and 15 equal to zero and solving the two equations simultaneously, the 
estimates of γ and δ using MLE are obtained. For the experimental data in table A.1, values of ξ 
and λ were picked  using the least squares method (21.4 × 106 and 5.651 × 106 respectively), by 
MLE γ = -4.81 and δ = 4.43. These values differ less than 16% from the estimated values using 
the least squares method. With these new parameters, sample data generated according to the 
Johnson SU distribution (100,000 samples) have a mean value of 29.12 × 106 psi and a standard 
deviation of 2.120 × 106 psi.  The difference in mean between the real and the generated data is 
0.4%; the difference is less than 4% for the standard deviation. Although the difference in γ and δ 
estimated from different methods is about 16%, the generated data captures the mean and 
standard deviation of the original data well. The contours of the confidence bounds in the log 
likelihood function are plotted in Figure 5.5.  The contours are plotted based on the principle that 
for large samples, the joint distribution tends to normality [13]. Thus, the contour follows 

 ),2(
2
1)x|ˆ,ˆ()x|,( 2 αχδγδγ −≈ LL , (16) 

where the symbol “ ≈ “ means an approximation, )|,( xδγL is the log likelihood of the unknown 
parameters, and )|ˆ,ˆ( xδγL is the log likelihood of the posterior calculated at the estimated 

parameters γ̂ and δ̂ . χ2(2, α) is the upper 100 α percentile point of a χ2 distribution with 2 
degrees of freedom. It encloses a region with probability content approximately (1 - α). 
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                                       Figure 5.5 -  Contours of )|,( xδγL  for real experimental data. 

The lower and upper bounds estimate from MLE can be determined from equation 16. The lower 
and upper bounds of γ are determined to be -6.66 and -3.14, and the lower and upper bounds of δ 
are determined to be 3.05 and 6.00. The Metropolis method was then performed to infer these two 
unknown parameters. The method was performed using the least squares estimates of γ and δ as 
their initial values (-4.148 and 3.838, respectively). The burn-in time was set for 10,000 
iterations, in which an acceptance rate between 40%-50% is achieved. After 10,000 iterations, 
20,000 samples were recorded. Table 5.8 presents a comparison of confidence bounds obtained 
from MLE and Bayesian inference. 

 
Table 5.8 - Confidence bounds comparison for the parameters; between MLE and Bayesian 

inference. 
  MLE Bayesian Inference 

 γ δ γ δ 
mean -4.81 4.43 −4.94 4.55 

2.5 percentile -6.66 3.05 -6.41 3.40 
97.5 percentile -3.14 6.00 -3.65 5.83 

 
Samples from the Metropolis method show that the confidence bounds for the two parameters are 
about the same compared to the ones obtained from MLE. The means of the sampled parameters 
differ by about 2.7% from the estimated parameters by MLE. This shows that although the 
sampling was started initially with γ and δ estimates from the least squares method, the sampling 
results converge to the posterior distributions derived with uniform prior distribution. This also 
confirms that in this case Bayesian inference with uniform prior distribution will give the same 
estimates as the MLE. Figure 5.6 shows the output of 20,000 samples of δ and γ from the 
Metropolis method after 10,000 burn-in iterations. 

 
Figure 5.6. - 20,000 samples of δ and γ from the Metropolis method after 10,000 burn-in iterations. 
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5.6  Inference with Four Parameters 
The Metropolis method was again performed to infer the four Johnson parameters. For initial 
values of γ, δ, ξ, and λ, the least square estimates of those parameters were used (-4.148, 3.838, 
21.4 × 106, and 5.651 × 106 respectively).  The burn-in time was set for 10,000 iterations, in 
which acceptance rate between 40%-50% is achieved. After 10,000 iterations, 20,000 samples 
were recorded. Figure 5.7 shows the output of 20,000 samples of δ, γ, ξ, and λ from the 
Metropolis method after 10,000 burn-in iterations. Table 9 presents the confidence bounds 
obtained from Bayesian inference, and Table 5.10 presents the confidence bounds obtained 1000 
bootstrap estimate. 

 
Figure 5.7 -  20,000 samples of δ, γ, ξ, and λ from the Metropolis method after 10,000 burn-in iterations. 

 
 
 
 

Table 5.9 - Confidence bounds of the parameters from Metropolis method (20,000 samples after 
10,000 iterations burn-in period). 

 γ δ ξ × 106 λ × 106 
mean −0.709 19.5 27.4 39.6 

2.5 percentile -9.40 9.71 9.35 20.1 
97.5 percentile 7.99 27.6 45.0 52.2 

 
Table 5.10 - Parameter estimates for Johnson SU distribution from bootstrap. 

 γ δ ξ × 106 λ × 106 
mean −1.98 7.61 26.6 15.9 

2.5 percentile -5.72 0.864 20.9 0.306 
97.5 percentile 3.32 19.5 32.7 43.7 

 
Comparing the confidence bounds obtained from Bayesian inference and the bootstrap method 
shows that the bounds for γ and ξ are larger when they are obtained by using Bayesian inference. 
Interestingly, δ and λ bounds from Bayesian inference do not include the estimates from the 
diagonally weighted least squares estimation. The cumulative distribution function (CDF) of 
Johnson SU distribution with parameters estimated from the least square estimation (best fit) was 
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plotted along with the 95% confidence bounds obtain from Bayesian inference (Figure 5.8) in 
order to check the accuracy of the distribution with the estimated parameters in characterizing the 
small sample data. Figure 5.8 shows that the CDF with parameters estimated using least squares 
estimation (in green) is contained by the 95% confidence bounds obtained from Bayesian 
inference. . Thus the parameters estimated from Bayesian inference can well characterize the 
small sample data although the bounds of some parameters do not include the estimates from 
least square estimation. This also indicates that the posterior distribution is broad or has local 
optima. 

 
Figure 5.8 - Cumulative Distribution Function of the Johnson SU distribution with parameters from least squares estimation (best fit) 
along with 95% confidence bounds from Bayesian inference. 
 
Table 5.11 shows Johnson parameters estimated using different methods. The estimated 
parameters differ from one method to another, and yet the goodness-of-fit test cannot reject the 
hypothesis that the samples follow Johnson Unbounded distribution with the estimated 
parameters. This shows that the estimated parameters are not unique for describing a particular 
set of samples. Furthermore, none of the methods described for estimating Johnson parameters 
are based on closed-form solutions. The moment matching method incorporated in FITTR1 uses 
iterative approximation [15] based on a procedure developed by Hill, Hill, and Holder [16]. The 
percentile matching method uses Newton-Raphson procedure. The least squares estimation uses 
the Levenberg-Marquardt optimization algorithm, and the minimum Lp norm estimation uses the 
Nelder-Mead simplex search method [15]. Many methods depend on good initial estimates of the 
parameters [15]. It is possible that the obtained estimated values are local optima.  
 
Table 5.11 - Parameters of Johnson unbounded distribution, estimated from different methods in 
FITTR1 software 

Method: γ δ ξ × 106 λ × 106 
K-S 
statistic p-value 

Percentile matching               -2.834 8.078 23.12 16.29 0.1672 0.5135 
Ordinary least squares            -5.109 3.132 21.29 3.038 0.1176 0.8944 
Diagonally weighted least squares -4.148 3.838 21.40 5.651 0.1242 0.8280 
L1 norm estimation             -2.871 7.942 22.22 18.13 0.1474 0.6745 
L∞ norm estimation        -2.834 7.724 22.19 17.40 0.1161 0.9025 
Mean -3.559 6.143 22.04 12.10   
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Standard deviation 1.034 2.442 0.7405 7.171   
 
To test whether values of goodness of fit test measures similar to those in Table 5.11 can be 
obtained from Bayesian inference, Kolmogorov-Smirnov tests were performed on all parameters 
obtained from Bayesian inference. A p-value of 0.8718 and K-S statistic value of 0.1179 were 
obtained for γ = -8.784, δ = 18.10, ξ = 9.097× 106, and λ = 38.90× 106. The CDF of Johnson SU 
distribution with these parameters is shown in Figure 5.9 as a purple dashed line. This set of 
parameters gives a better fit than the estimated parameters from diagonally weighted least squares 
(green line). Furthermore, 350 sets of parameters out of 20,000 samples (1.75%) have p-value 
greater than 0.8 and K-S statistic values range from 0.1179 to 0.1279. The number of sets of 
parameters that cause rejection of the null hypothesis (p-value < 0.05) is 2,218 out of 20,000 
samples (11.09%). The results show that although the estimation methods described earlier can 
give accurate approximations (low K-S statistic values and high p-values) , the solutions obtained 
are simply local optima. 

 
Figure 5.9 - Cumulative Distribution Function of the Johnson SU distribution with parameters from 
diagonally weighted least squares estimation (best fit) and best fit from Bayesian inference along with 95% 
confidence bounds from Bayesian inference. 
 

5.7  Estimating Reliability Confidence Bounds Based on Parameter Confidence 
Bounds 
A simulation of stochastic process was performed to determine the probability of failure of a 
cantilever beam that must sustain loads in X and Y directions (see Figure 5.10) as a test case to 
show the effects of uncertainty in the distribution parameters (using Bayesian inference) on 
reliability estimation. The loads and material properties of the beam are assumed to be random 
variables, and their statistical properties are listed in Table 5.12. 
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Figure 5.10 - Schematic of the beam with geometric and load variables. 
 

Table 5.12 - Details of random variables and geometry of the beam. 
Variable Mean Standard Deviation Distribution 

Load X (lb) 500 100 Normal 
Load Y (lb) 1000 100 Normal 

Modulus, E (psi) 29.0×106 - Unknown 
Strength, S (psi) 40,000 2000 Normal 
Length, L (inch) 100 0 Fixed 
Width, b (inch) 2.6041 0 Fixed 
Height, h (inch) 3.6746 0 Fixed 

 
The beam has two failure modes, expressed in the following equations: 
 
Yielding:                          
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where initial displacement Do is 2.25 inch. The beam is in failure if gs and/or gd is less than zero. 
The X and Y loads and strength (S) are assumed to follow normal distribution with known 
parameters (µ and σ). Although the mean of the Young’s modulus (E) is known from the scaled 
experimental data , it is unknown whether it follows a particular distribution. Hence, E has 
uncertainty in the distribution and the respective distribution parameters.  
 
In this case study, investigation is focused on the effects of uncertainty in the parameters of the 
Johnson SU distribution on the confidence level of reliability estimates when it is fitted to the 
Modulus data. In previous work by Marhadi [17], the effects of uncertainty in the distribution 
parameters were investigated by applying bootstrap technique on the data.  For each bootstrap 
sample the distribution parameters were estimated. Four distributions were investigated: normal, 
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two-parameter Weibull, and Johnson bounded and unbounded distributions. Some of the 
procedures applied in [17] are utilized in this study. 
 
The simulation to estimate the probability of failure can be described as follows: 

1. Generate X, Y, S according to normal distribution with the known parameters. 
2. Generate E according to Johnson SU distribution with the estimated parameters.  
3. Since the beam fails either in yield or violating the displacement constraint, check if gs 

and/or gd is less than zero, letting 

⎩
⎨
⎧ <

=
otherwise 0

0   if 1 sgs  

⎩
⎨
⎧ <

=
otherwise 0

0   if 1 dgd , 

and the probability of failure in yield is Ps = P{s = 1}, and in displacement is Pd = P{d = 
1}. 

4. Run the simulation 100,000 times to get the estimate of Ps and Pd. 
5. Obtain the probability of failure of the beam (Pfailure) as )( dsdsfailure PPPPP ∩−+= . 

 
In [17], the confidence level estimates were obtained by doing two-level Monte Carlo simulation 
(MCS), where the above procedure was in the second level (inner loop), and the first level was 
the bootstrap implementation. Two-level MCS is also used in this study. The first level is 
implementation of the Metropolis method where γ, δ, ξ, and λ are sampled from equation 10, the 
posterior distribution (uniform prior distribution was used in this case), 20,000 times after 10,000 
burn-in times, and the second level is the procedure described above. The results of failure 
probability estimation with Bayesian inference in the statistical parameters are compared with the 
results from [17], presented in Table 5.13.  
 
Table 5.13 - Bootstrap procedure results for estimating variation in probability of failure due to 
uncertainty in the distribution parameters. 

 Normal Weibull Johnson (mostly 
SB) 

Johnson SU 

Johnson 
SU 

(Bayesian 
Inference) 

First estimate 0.00219 0.00810 0.00169 0.00176 - 
Mean 0.00230 0.00782 0.00161 0.00277 0.00260 

2.5 percentile 0.00146 0.00238 0.00137 0.00120 0.00155 
97.5 percentile 0.00422 0.0167 0.00196 0.0134 0.00557 
 
The first estimates of probability of failure when E follows normal and Weibull distributions were 
computed based on their parameters estimated using MVUE for normal, and MLE for Weibull. 
When E follows the Johnson distribution, the first estimate of probability of failure was computed 
by determining the type of Johnson family distribution (which is bounded or SB in this case), and 
estimating the parameters using the moment matching method. When E follows the Johnson 
unbounded family distribution, probability of failure was computed using parameters estimated 
from diagonally weighted least squares estimation. A comparison of the failure probability 
distributions between the bootstrap method and Bayesian inference is presented in Figure 5.11 (E 
~ Johnson SU distribution). 
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  (a)      (b) 

Figure 5.11 - Distribution of failure probabilities calculated by applying: (a) bootstrap procedure 10,000 
times on the sample; (b) Bayesian inference. 

 
The Johnson SU distribution results in the most conservative estimates when compared with all 
distributions used to determine the confidence bounds of reliability estimate from the bootstrap 
method,. When the bootstrap method and Bayesian inference for Johnson SU distribution are 
compared,, the latter causes the estimated confidence bounds to be smaller. Nevertheless, the 
bounds are larger than when they are estimated using Johnson SB distribution from the bootstrap 
method.  This shows the importance of having tail regions in the distribution of random variables 
for reliability estimates.  

5.8  Conclusions 
 
Bayesian inference for Johnson unbounded (SU) distribution was derived using uniform prior 
distribution. Using uniform prior distribution, Bayesian inference for Johnson SU distribution 
with γ and δ as the only unknowns can be performed easily. The inference results will be the 
same as from Maximum Likelihood Estimates. The results from Bayesian inference were checked 
with results from MLE. In order to infer the four Johnson parameters, the Metropolis method was 
performed to sample the posterior distribution. The results show that bounds of some parameters 
(γ and δ) do not include the estimated values from the least squares estimation. However, plotting 
the 95% confidence bounds of the cumulative distribution function shows the estimated 
parameters from Bayesian inference well characterize the small sample data. This gives an 
indication that the posterior distribution is broad or has local optima. Further study is needed to 
determine or verify the breadth of the distribution. 

In reliability estimation, use of Johnson SU  as the underlying distribution of one random factor 
results in the most conservative estimate for confidence bounds estimation when the reliability 
estimate is computed using the bootstrap method. When the estimation is computed using 
Bayesian inference, the bounds of the reliability estimate become smaller. Using the Johnson SU 
distribution essentially eliminates the need to test different distributions (e.g. normal or Weibull 
distribution) to find the distribution that best characterizes small sample data available to describe 
distribution of random variables. 

 

5.9  Appendix 5A -  Experimental Data for Elastic Modulus 
 
Table A.1. Young’s modulus from experiment and the scale values with mean 29 × 106 psi. 
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Data 
No. 

Actual Elastic 
Modulus 

(GPa) 

Scaled 
Values  

(106 psi) 

Data 
No. 

Actual Elastic 
Modulus (GPa) 

Scaled 
Values  

(106 psi) 
1 159 25.399 13 177 28.275 
2 165 26.358 14 186 29.712 
3 165 26.358 15 187 29.872 
4 165 26.358 16 188 30.032 
5 170 27.156 17 191 30.511 
6 170 27.156 18 192 30.671 
7 170 27.156 19 193 30.830 
8 172 27.476 20 194 30.990 
9 176 28.115 21 196 31.310 

10 176 28.115 22 197 31.470 
11 176 28.115 23 202 32.268 
12 177 28.275 24 213 34.025 

 
 

5.10  Appendix 5B - Brief Description of Metropolis Method 
  
The Metropolis method is based on Markov chain Monte Carlo simulation, and is similar to 
rejection sampling algorithm. This method is used if the probability distribution P(x) is difficult 
to sample. The Metropolis method requires that P(x) at any x can be computed. The method uses 
a proposal density )|( )(txxQ ʹ′  which depends on the current state )(tx to generate a proposed 
sample xʹ′ . In order to accept the proposed sampled xʹ′  or not, the following quantity is computed 
[14]: 

 
)|'((
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tt

t

xxQxP
xxQxPa = . (19) 

If 1≥a , the proposed sample is accepted, and set xx t ʹ′=+ )1( . Otherwise the sample is accepted 
with probability a, and set )()1( tt xx =+ . In this study, a multivariate normal distribution in four 
dimensions with mean )(tx , where )(tx is a vector, is used as the proposal density. Each dimension 
(variable) has the same standard deviation of 0.35 and zero covariance (independently 
distributed). Thus the proposal density is symmetric ( )|()|( )()( tt xxQxxQ ʹ′=ʹ′ ). This way, a random 
walk with a step length of 0.35 in each direction is performed in the algorithm.  
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6.0 Adaptive Response Surface Method 

6.1  Introduction 
Various analytical and simulation-based methods are available to estimate the probability of 
failure corresponding to a limit state function. For complicated systems, the limit state function is 
generally implicit and each function evaluation usually takes enormous computational effort, such 
as the execution of a nonlinear finite element code. Therefore, selection of a reliability analysis 
method is governed by both computational effort (i.e., the number of function evaluations) and 
accuracy (in the probability of failure estimate).  

The first-order reliability method (FORM) [1] is widely used in structural reliability analysis due 
to its simplicity and speed. However, for problems with nonlinear limit states, the accuracy or 
convergence of FORM cannot be assured. Various second-order reliability methods (SORM) 
have been developed to improve the reliability estimation of FORM. SORM uses a quadratic 
approximation to the original failure domain and can improve the reliability estimation for 
nonlinear problems [2-5]. However, reliability estimates from SORM could be far from the 
accurate solution as well, especially for highly nonlinear problems.  

In terms of computational effort, the search for the minimum distance point (referred to as the 
most probable point, MPP) in FORM/SORM  is done through optimization methods such as 
Rackwitz-Fiessler’s Newton-type method [1] or sequential quadratic programming [6]. For 
problems with a large number of random variables and implicit limit states, each FORM iteration 
will need many function evaluations. This may be very time consuming when a single limit state 
function evaluation takes a long time. This problem becomes even more serious for SORM, 
which also requires second-order derivatives.  

Monte Carlo simulation (MCS) is a simple simulation technique and can be applied to almost all 
problems at any desired accuracy. However, in Monte Carlo simulation, the limit state is 
evaluated a very large number of times with a set of randomly generated input values of the 
design parameters, which can be time consuming and expensive for realistic systems with a low 
probability of failure.  

The response surface method is a valuable tool for problems with implicit limit state functions. 
However, for problems with a large number of random variables, even efficient design of 
experiment techniques such as fractional factorials, central composite design, Box-Behnken 
design etc. become unaffordable. When using the response surface as a surrogate for actual 
function evaluations, the accuracy of the reliability estimate is greatly affected by the accuracy of 
the response surface approximation.  

Thus, both the currently used optimization-based methods and simulation-based methods have 
limitations, either with respect to accuracy or efficiency, which hinders their application to 
problems with a large number of random variables and nonlinear implicit limit states whose 
response takes intensive computational effort. The adaptive response surface method 
implemented in PRODAF is a hybrid approach that combines the best features of FORM/SORM, 
MCS and response surface methods to achieve both accuracy and efficiency.  

 6.2  Adaptive Response Surface Method (ARSM) 
The flow chart in Figure 6.1 shows the outline of steps in ARSM. The adaptive response surface 
is constructed using a trust region update method, which uses the local optima to converge to the 
global one, thus achieving accuracy. The efficiency in this method is achieved by optimal 
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symmetric Latin hypercube (OSLH) design which significantly reduces the number of function 
evaluations. The major steps of the proposed method are discussed below.  

6.2.1    Approximation of limit state: adaptive response surface 

Due to the complexity of the limit state function, it is not easy for a global response surface to 
represent the true limit state accurately. Several adaptive response surface methods have therefore 
been proposed in the literature to solve this problem [7-9].  
PRODAF uses a trust region updating approach to accurately construct the response surface in the 
neighborhood of the most probable point (MPP). The trust regions are defined such that every 
random variable has an upper and a lower bound. The center and the size of the trust region are 
updated adaptively depending on the result of the constrained optimization, which is discussed in 
subsection 2.3. The OSLH design discussed in subsection 2.2 is used to generate data points 
inside the trust region. After the responses at these data points are calculated by the actual 
function evaluation code (e.g., finite element analysis), the response surface approximation to the 
limit state function can be constructed. A quadratic polynomial without mixed terms is  
implemented for this purpose in PRODAF.  

6.2.2 Design of experiments: optimal symmetric Latin hypercube (OSLH) method 

For problems with a large number of random variables (10 or more for example) it is 
computationally demanding to use even a first-order full factorial design ( k2  design points, 
where k is the number of random variables), or commonly used efficient DOE techniques, such as 
Box-Behnken or central composite design [10], to construct a first-order or second-order response 
surface, respectively. 
 
A Latin hypercube is a set of n points in D dimensions with the property that the projections on 
any axis form a uniform n-grid. A Latin hypercube design (LHD) is an ln×  matrix in which 
each column is a random permutation of },...,1{ n , where l is the number of variables or 
dimensions. It has uniform projection properties on any single dimension, and is much more 
efficient than conventional designs for problems with large number of design variables. For 
example, a random 29×  Latin hypercube design is shown in Figure 6.2(a). 

An LHD is called a symmetric Latin hypercube design (SLHD) if the ith row is the symmetric 
point of the (n+1-i)th row about the center, i.e., the design is symmetric about the midpoint (e.g., 
Fig. 6.2(b)). 
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Figure 6.1- Flow chart of the Adaptive Response Surface Method 
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(a) 9X2 Random Latin Hypercube
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(b) 9X2 Symmetric LH Design
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(c) 9X2 OSLH Design
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Figure 6.2 – 9x2 Latin hypercube designs 

 

A randomly selected Latin hypercube design (LHD) may act poorly in estimation and prediction 
if its uniformity in two and higher dimensions is not good. An optimal Latin hypercube design 
(OLHD) has the property that the points are spread uniformly not only over the one-dimensional 
projections, but also over two and higher dimensional projections. Several criteria have been 
proposed for this purpose, such as entropy [11], integrated mean-squared error [12], or minimum 
inter-site distance [13]. For example, the last approach above maximizes the minimum inter-site 
Euclidean distance (i.e., the distance along the coordinates) to achieve better coverage of the 
domain. 

It is reported that many OLHDs have symmetric properties [14, 15]. Therefore, limiting the 
search to symmetric Latin hypercubes will speed up the search. An exchange algorithm was 
developed by Ye et al. [16] to construct OLHDs.  

The PRODAF approach to obtaining an OSLH design is quite simple. A large number of SLHD 
designs are randomly generated, and among these, the design that maximizes the minimum inter-
site Euclidean distance is chosen. An example of a 29×  OSLH design is shown in Figure 6.2(c). 

A quadratic form (without mixed terms) response surface is used. At least 2k+1 samples are 
needed [17] for this purpose, which are generated through the OSLH design. (Note that other 
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experimental designs such as a full factorial design requires 2k samples, and a central composite 
design requires 2k+2k+1 samples).  

6.2.3 MPP search: trust region update method 

The most probable point (MPP) on the limit state is obtained in an iterative manner. In each 
iteration, a trust region is defined,  and the local MPP within the current trust region is found;  the 
trust region is then updated for the next iteration, until convergence. Sequential quadratic 
programming (SQP), a constrained optimization technique [6], is used to find the optimum in 
each trust region.  

The following steps describe the general procedure of the trust region update method: 

1. Select the center point and size of the initial trust region. The initial center point is 
usually at the mean values of all variables, and the size is selected such that both safe 
and failure regions are included in the initial trust region. This requires some initial 
knowledge about the problem, which may be obtained with a method like MVFO (Mean 
Value First-Order) estimation. 

 
2. Construct the OSLH design, and calculate the responses 

. 
3. Construct the response surface of the limit state function, using the desired level of 

approximation (a quadratic polynomial is used herein). 
 
4. Find the minimal distance point to the origin in the current trust region, using an 

appropriate optimization technique (SQP is one such technique): 

Minimize YYD T=   (1a) 

Subject to 
( )niyyy

Yg

iriil ,...2,1
0)(~

=≤≤

=
 (1b) 

where )(~ Yg is the local approximation of the limit state function, and ily  and iry  are 

the lower and higher limits of the random variable iy  in the current trust region, 
respectively. 
 

5. Move the next iteration point to the optimum, and 
 

a. If the optimum is inside the trust region but is not on the boundary, then reduce 
the size of the trust region to half of the previous size;  

b. If the optimum is on the boundary of the trust region, do not reduce the size of 
the trust region. 

 
6. Repeat Steps 2 through 5 until the distance between the last two iteration points is 

smaller than a desired limit. 

6.2.4 Reliability estimation with the response surface 

By the time the MPP is found, a series of response surfaces have been built inside corresponding 
trust regions. The last trust region may be considered to provide the response surface 
approximation by which FORM, SORM or Monte Carlo simulation (MCS) can be performed 
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without extra function evaluations. In case this trust region is not large enough to cover a large 
enough portion of the failure probability, the response surface corresponding to the previous trust 
region may also be used.  

6.3  Numerical example 
6.3.1 Nonlinear limit state  

A nonlinear limit state is used as a numerical example to illustrate the ARSM method.  

Limit state function: g=x1^3+x2^3-18  
 Random variables: X1~N(10,5), X2~N(9.9,5)
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Figure 6.2 - Plot of limit state in standard normal space 

 

The limit state function is shown in Figure 6.2, and the statistical information and the MPP search 
results using both FORM and the proposed trust region update method are shown in Table 6.1. 
The iteration history of the MPP search using the proposed method is shown in Table 6.2 and 
Figure 6.3. 

Table 6.1 - MPP search results 

Limit State Function: 0.183
2

3
1 −+= XXg  

Distribution of Random Variables: )0.5,9.9(~),0.5,0.10(~ 21 NormalXNormalX  
Exact MPP location in standard normal space: (-1.583, -1.565) 

Method MPP found # of 
iterations 

# of function 
evaluations 

Rackwitz-Fiessler No Convergence 50 150 

SQP (-1.585, -1.563) 8 37 

ARSM  (-1.585, -1.566) 4 20 
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Table 6.2 - Iteration history of the ARSM method 

Iteration  Center of 
trust region* 

Size of 
trust region* 

Location  
of local optima* 

1 (-1.0, -2.5) 1.0 (-1.487, -2.0) 
2 (-1.487, -2.0) 1.0 (-1.409, -1.5) 
3 (-1.409, -1.5) 1.0 (-1.554, -1.586) 
4 (-1.554, -1.586) 0.5 (-1.585, -1.566) 

* In standard normal space. 
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Figure 6.3 - Adaptive response surface using trust region update 

 

6.4 Conclusion 
The adaptive response surface method is quite general, and can be applied to a wide variety of 
reliability estimation problems. The trust region update method can provide accurate and adaptive 
response surfaces which can be combined with FORM, SORM or Monte Carlo simulation to 
achieve both accuracy and efficiency in the estimation of the failure probability.  
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7.0  Progressive Failure and System Reliability Analysis 
 

7.1   Introduction 
 
Progressive failure analysis of a structure requires reanalysis after each individual failure to 
identify the next likely failure location, and continues until a critical damage level, defined as 
system failure, is reached. Multiple paths or sequences of individual failures may lead to overall 
system failure. Thus, reliability analysis using progressive failure modeling requires the 
enumeration of a number of important failure sequences.  
 
Using PRODAF, probabilistic progressive failure analysis can be carried out as follows: the first 
order reliability method (FORM) is first used to compute the probabilities corresponding to 
different failures.  The dominant failure sequences are then identified based on the branch-and-
bound method, and the system failure probability is computed as the probability of union of the 
dominant failure sequences. The structural configuration and stiffness terms need to be modified 
at each step to reflect the damage accumulation during the simulation of the progressive failure 
process. These concepts have been demonstrated for structural frameworks [1], for composite 
laminates [2], and for a simplified composite aircraft wing structure [3].  

7.2  Overall Methodology 
 
PRODAF’s probabilistic progressive failure analysis method can be broken down into the 
following steps: 
 

1. Component reliability analysis: This is the basic building block of system reliability 
analysis. At the end of this step, the failure probabilities corresponding individual limit 
states are computed, based on the current condition of the structure. (In the very first 
iteration, the structure may be intact; there will be growing damage in the structure in 
subsequent iterations, as computed by the progressive failure analysis in step 3 below). 
Depending on the level of accuracy desired, first-order or second order reliability 
methods (FORM/SORM) or Monte Carlo simulation may be used in this step. In practical 
problems, where a large finite element code would be used for limit state evaluation, 
adaptive response surfaces may be constructed to reduce the computational effort. 

 
2. Most probable failure sequence search: Numerous component failure sequences may lead 

to system failure, and it is unnecessary and cumbersome to track every sequence. 
Therefore, a probabilistic branch-and-bound method is implemented in PRODAF to 
identify the most probable failure sequences. The branch-and-bound method is the main 
engine of progressive failure analysis, and is described in detail in Section 3. This method 
goes step-by-step with progressive failure analysis described in step 3 below. After step 
1, which provides the individual component failure probabilities, the component with the 
maximum path probability (i.e., probability of failure in a sequence up to this component) 
is selected as the next branch in progressive failure analysis. At this stage, sequences with 
path probabilities lower than a prescribed cut-off value are discarded. 

 
 
3. Progressive failure simulation: This is the key step in practical system reliability analysis. 

Once the next component-most-likely-to-fail is identified in step 2, the structure is 
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reanalyzed by imposing this component failure. Failure is imposed by reducing the 
stiffness of the structure corresponding to the damage, depending on the type of failure. 
(For example, if the component loses its capacity to carry any axial load, the axial 
stiffness terms are reduced to zero or to a specified value, depending on whether the 
damage is complete or partial).  

 
4. Iterations till system failure: With the structural model altered as in step 3, step 1 is 

repeated to compute the failure probabilities with respect to the remaining limit 
states/components. Then step 2 is repeated to determine the next step in the dominant 
failure sequence. Thus steps 1 to 3 are repeated until the structural stiffness matrix 
becomes singular, indicating total system failure. 

 
5. System failure probability computation: If only one dominant failure sequence is 

identified, then system failure probability is computed through the intersection of all the 
failure events in that sequence. However, this is computationally intensive. Two-event 
and three-event intersections have been found to be adequate for practical applications 
[4]. When multiple sequences are considered, the system failure probability is computed 
through the union of the sequences; this requires computing the union of intersections. A 
first-order approach has been found to be adequate [4], where the lower bound 
corresponds to fully correlated sequences and the upper bound corresponds to fully 
independent sequences.  

 
6. Strategies for efficiency: If there are many steps in a failure sequence, then step-by-step 

failure analysis and probability estimation can be very time-consuming. A deterministic 
initial screening may be performed in step 1, based on limit state function values at the 
mean values of the random variables, which will eliminate many of the low probability 
events from the failure sequence enumeration. In practical problems, many failure 
sequences are highly correlated, thus the use of the most dominant sequence and first-
order approach might be adequate. Even the probability of a sequence can be 
approximated by the probability of the critical two or three component probabilities in 
that sequence. All these strategies will improve the computational efficiency of system 
reliability analyses. 

 

7.3  Branch and Bound Method 
 
This method is used to accomplish Step 2 in the overall probabilistic progressive failure analysis 
methodology described in Section 2. The method consists of two operations: branching (or 
exploration of a new branch) and bounding (or truncation of a branch).  
 
In PRODAF, the branch and bound method is implemented in two stages. In the first stage, the 
first complete failure sequence is identified using a greedy enumeration approach, by simply 
exploring the next most probable failure event at each step. This is used to compute a reference 
probability value that can be used for the bounding operation. Then, the stage implements the 
actual branch and bound algorithm to identify all the significant failure sequences, i.e., sequences 
with path probability greater than or equal to the reference probability value computed in the first 
stage. 
 
7.3.1 Stage 1 – First Failure Sequence Identification 
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Step 1.  Suppose the structure is originally in its intact state. Suppose there are m 
component limit states. For each component limit state, compute its reliability index β 
using the component-level first-order reliability method (FORM) and then obtain its 
corresponding failure probability. Select the failure event that has the largest failure 
probability as the first one to occur.  

Step 2. Modify the structural stiffness corresponding to the first failure event, and 
reanalyze the damaged structure. The loads are globally redistributed in the damaged 
structure in accordance with the modified stiffness. The same calculations as in step 1 are 
repeated. The event that has the largest path probability at the second stage is taken as the 
next event to fail. Repeat Step 2 until system failure occurs (i.e., stiffness matrix becomes 
singular). 

Step 3. Calculation of reference probability Pref for truncation – Once a complete failure 
sequence is identified through steps 1 and 2, the path probability of this sequence is 
calculated as the product of the maximum failure probabilities at each step of the 
sequence. (All these are conditional probabilities, each subsequent failure being 
conditional on the previous failures). The path probability of this complete first sequence 
is taken as Pref. 

7.3.2 Stage 2 – Significant Failure Sequences Identification 
 

Step 1.  Start again with the intact structure and the m component limit states. For each 
component limit state, the failure probabilities are already calculated in Step 1 of Stage 1. 
Select the failure event that has the largest failure probability as the first one to occur.  

At the same time, the components that have failure probability greater than a specified 
fraction (say 0.5) of Pref are saved for exploration (branching) and the other components 
that have failure probability less than the specified fraction of Pref  are discarded. 

Step 2. Modify the structural stiffness corresponding to the identified failure event, and 
reanalyze the damaged structure. The loads are globally redistributed in the damaged 
structure in accordance with the modified stiffness. The same calculations as in step 1 are 
repeated. However, now the next exploration step is based on the next possible failures in 
the current path, as well as on all other exterior nodes. (Exterior nodes are those that are 
yet to be explored, in all the possible sequences. Interior nodes are those that are already 
part of the paths that are currently available for exploration). The event that has the 
largest path probability among all the exterior nodes is taken as the next event to fail.  

At the same time, the components that have failure probability greater than a specified 
fraction (say 0.5) of Pref are saved for exploration (branching) and the other components 
that have failure probability less than the specified fraction of Pref  are discarded. 

Repeat Step 2 until system failure occurs (i.e., stiffness matrix becomes singular). 

Step 3. After each complete failure sequence is identified, step 2 is repeated to consider 
other branched events until all the possible significant failure sequences are explored.   

7.4  Numerical Example 
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Consider a four-bar parallel brittle system in Figure 7.1. The load is deterministic and equal to 
unity. The element resistances R1 to R4 are independent, normally distributed random variables: 
R1~N(0.5, 2.0), R2~N(0.55, 1.0), R3~N(2.0, 1.25), and R4~N(1.0, 2.0), where N indicates 
normal distribution, and the numbers inside the parentheses are mean values and standard 
deviations.  

 
Figure 7.1 - Four-bar parallel brittle system 

 
 

 
Figure 7.2 -  Search for significant failure sequence (Stage 2).  Note: An exterior node becomes an interior 
after branches are enumerated out of it. The node numbers are below each node, and the path probability of 
each node is within the ellipse, obtained by multiplying the probability in the previous node and the 
conditional probability in the branch. 
 
 
 
All the elements have the same cross-section area A and Young’s modulus E. The steps of the 
branch and bound method are as follows: 
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1. Start from the intact structure and explore the member with the highest failure 
probability (max pf). This is bar 1, and D1 denotes the corresponding node in Figure 7.2. 
 
Stage 1 – Enumeration of the first complete sequence and calculation of reference 
probability Pref. 
 
2. Explore the next possible damage states, i.e., the next bar to fail, and find their path 
probabilities by intersections of the failure events in their corresponding failure 
sequences. Assume these values come out to be 0.0014, 0.0095, and 0.00005.  
 
3. Select the node with the maximum path probability, among only the second-level 
exterior nodes. This is node D1-2, i.e., bar 2 fails after bar 1. 
 
4. Repeat steps 2 and 3 until a complete failure sequence (all 4 bars fail) is enumerated. 
Use the path probability this sequence as Pref. 
 
5. Select a cut-off value λ so that in stage 2, sequences with exterior nodes with path 
probabilities less than λ*Pref can be terminated, preventing further exploration. 
 
Stage 2 – Enumeration of significant failure sequences 
 
2. After the first failure in Step 1 above, explore the next possible damage states, i.e., the 
next bar to fail, and find their path probabilities by intersections of the failure events in 
their corresponding failure sequences. These values are 0.0014, 0.0095, and 0.00005.  
 
3a. Branching: Select the node with the maximum path probability, among all exterior 
nodes, for further branching. This is node D3, i.e., bar 3 fails first, starting from the intact 
structure. 
 
3b. Bounding:  Select the exterior nodes with path probabilities less than λ*Pref  for 
truncation, i.e., no branching from these nodes. Assume that this is node D1-4. That 
means no branches will be explored from this node. 
 
4. Repeat steps 2, 3a, and 3b until all the significant complete failure sequences (all 4 
bars fail) are enumerated.  
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Appendix A -  Exploration of Advanced Methods for Design 
Optimization under Uncertainty 

A.1  Summary 
Design optimization studies for mechanical systems have increasingly become concerned 
with mathematical treatment of uncertainties in system demands and capacity, boundary 
conditions, component interactions, and available resources. The problem of optimum design 
under uncertainty has been formulated as reliability-based design optimization (RBDO). 
Recent efforts in this context seek to integrate advances in two directions: computational 
reliability analysis methods and deterministic design optimization. Much current work is 
focused on developing computationally efficient strategies for such integration, using de-
coupled or single loop formulations instead of earlier nested formulations.  The extension of 
reliability-based optimization to include robustness requirements leads to multi-objective 
optimization under uncertainty.  Another important application concerns multidisciplinary 
problems, where the various reliability constraints are evaluated in different disciplinary 
analysis codes and there is feedback coupling between the codes.  Applications of recently 
developed methods to automotive and aerospace design problems are discussed, and new 
directions for further study are outlined. 

A.2  Introduction 
The design of any engineering system requires the assurance of its reliability and quality. 
Uncertainties in the system characteristics and demand prevent such assurances from being given 
with absolute certainty. Traditional deterministic design methods have accounted for uncertainties 
through empirical safety factors. However such safety factors do not provide a quantitative 
measure of the safety margin in design, and are not quantitatively linked to the influence of 
different design variables and their uncertainties on the overall system performance. Therefore, in 
recent decades, a rational approach that quantifies the reliability of performance or risk of failure 
in probabilistic terms, and includes these estimates directly in the design optimization, is gaining 
increased attention. For large systems in the aerospace and automotive industries, reliability 
estimation based on expensive full-scale tests is not possible, and a model-based computational 
approach becomes valuable. 
  
Deterministic optimization enhanced by reliability criteria and formulated within a probabilistic 
framework is referred to as reliability-based design optimization (RBDO). The aim of RBDO is 
to achieve adequate reliability with minimum cost. The reliability requirements for individual 
components as well as the entire system need to be included in the optimization formulation. In 
the optimization process, two types of variables are considered: deterministic and random 
variables. And the random variables may be further divided into random design variables and 
random system parameters. The design variables that appear in the objective function(s) of the 
RBDO problem may include the deterministic variables as well as the distribution parameters of 
the random design variables. For different RBDO formulations, the probability of failure or 
sometimes equivalently, the reliability index, may appear in either the objective function or the 
constraints or even both. 
 
In RBDO, different objective functions have been used, such as minimization of weight, 
minimization of cost, and minimization of the probability of failure. The objective function can 
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also be the life-cycle cost, in which the overall cost includes both the initial cost and the 
maintenance cost. Since any complex system has to satisfy many design criteria, resulting in 
multiple objectives and constraints, multi-objective optimization formulations have also been 
used1,2. 
 
Two types of reliability can be used in the optimization, namely, component reliability and 
system reliability3,4. The formulation of RBDO problems with both element-level and system-
level reliability constraints may be expressed as: 
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where )( Xd,C  is the objective function; d and X are deterministic and random design vectors, 
respectively; p is the vector of random parameters; fiP  and fsiP  are the failure probability of the 

ith component and the system, respectively; fiaP  and fsiaP  are the allowable failure probabilities 

for the thi  component and the system, respectively; the deterministic and random design 
variables are subject to their lower and upper bounds, respectively. Other deterministic 
constraints may also be included in the above formulation. 
 
This section examines available reliability analysis and design optimization methods, with 
particular focus on computational efficiency and applicability to practical problems. The issue of 
computational efficiency is addressed by techniques that decouple reliability analysis and 
optimization iterations. Practical applications pose challenges with respect to robust design, 
multiple objectives, multi-disciplinary coupled systems, model uncertainty et cetera. Recent 
developments in meeting these challenges are presented, and new directions for further research 
are outlined. 

A.3  Reliability Analysis 
For the reliability analysis of a single limit state, the first-order reliability method (FORM) is 
widely used due to its simplicity and speed. In FORM, the most probable point (MPP) is found by 
optimization methods such as Rackwitz and Fiessler’s Newton-type method5 sequential quadratic 
programming6 (SQP), etc.  The MPP is defined as the point on the limit state with the minimum 
distance to the origin in an uncorrelated reduced normal space. Well-established methods are 
available for transforming correlated, non-normal variables to an equivalent uncorrelated reduced 
normal space7. The probability of failure is then calculated using a first-order approximation to 
the limit state, as: 

                                                        )( β−Φ=fP    (2) 
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where the reliability index β is the distance from the origin to the MPP, and Φ is the cumulative 
standard normal distribution. Various second-order reliability methods8,9 (SORM) have also been 
developed to improve the reliability estimation of FORM.  
 
In the case of the system-level reliability constraint, the joint probability of multiple failure events 
often needs to be computed. For series systems, the system failure probability is computed 
through the union of the individual component failures. Analytical first-order and second-order 
bounds have been used to estimate the system probability of failure.  
 
For problems where even second-order bounds are too wide, Monte Carlo simulation (MCS) 
could be used. MCS is simple to implement and can be applied to almost all problems at any 
desired accuracy; however, it is prohibitively expensive. The importance sampling method has 
been used to overcome this difficulty by concentrating most of the sampling in the failure region. 
Efficient adaptive importance sampling (AIS) techniques have been developed10,11,12, which 
gradually refine the sampling density function to reflect the increasing knowledge of the failure 
domain. Multi-modal AIS13,14 has been found particularly satisfactory for several applications15, 

16.  
 
In most RBDO studies, FORM has been commonly used for component-level reliability 
calculations in the objective and/or constraint functions17,18. For system-level reliability analysis 
in RBDO, various methods have been used, such as second-order bounds19, multiple checking 
point method20, PNET (probabilistic network evaluation technique)21 and Monte Carlo simulation 
with response surface22. Formulations that include both component and system reliability 
requirements have been proposed by Mahadevan23 and Pu et al.24 The system reliability 
calculation has mostly been applied as a feasibility check, with the optimization iterations being 
based on component reliability, so that the computational effort is tremendously reduced.  
 
One particular use of FORM is the computation of reliability sensitivity factors, given by the 
direction cosines of the MPP vector. In fact, the analyst may have more confidence in the 
sensitivity factors and finds them more useful in design decision-making than the failure 
probability estimates themselves, which are affected by numerous uncertainties. For reliability 
analysis using Monte Carlo simulation, approximate sensitivity factors have been derived in the 
case of Gaussian random variables25. 

A.4  Reliability-Based Optimization 
The conventional RBDO approach is to employ nested optimization and reliability analysis loops, 
in which the reliability of the component(s) or the system is estimated inside the optimization 
loop, this makes the computational cost of RBDO prohibitive. Therefore, efforts to improve the 
efficiency of RBDO have been pursued in two directions: (1) improve the efficiency of the 
reliability analysis methods, and (2) develop equivalent formulations that use decoupling or 
single loop techniques.   
 
Although RBDO is different from deterministic optimization, it is possible for the former to take 
advantage of the latter. It was found that it is more efficient to implement a two-level approach in 
which the RBDO process starts from a stationary point of the conventional deterministic 
optimization procedure, where the deterministic constraints are satisfied26, 27. 
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Recent research has focused on developing decoupling techniques, such as by Royset et al. 
(2001)28, in which the reliability terms in traditional RBDO are replaced by deterministic 
functions, and the SORA (sequential optimization and reliability analysis) approach of Du and 
Chen (2000)29.  

 
 

Figure A.1 - SORA for multiple constraints 
 

 
The reliability analysis used in SORA is based on the performance measure approach (PMA) 
suggested by Tu et al.30  PMA is the inverse of the Reliability Index Approach (RIA), the 
traditional approach for implementing the First-order Reliability Method (FORM).  SORA takes 
advantage of the PMA method in order to decouple the optimization and reliability analyses by 
separating each random design variable into a deterministic design component used for the 
optimization and a stochastic component used for the reliability analysis. The optimization is 
done independent of probabilistic analysis by controlling only the deterministic component of the 
random design variable (i.e.

xµ ).  During the optimization phase, the stochastic component η is 

kept constant, and during the reliability analysis phase,   k
xµ is kept constant and the value of η 

satisfying the reliability constraint is found. The algorithm terminates when successive cycles 
converge to consistent values of   k

xµ and ηk. The SORA concept for multiple constraints is 
outlined graphically in Figure A.1.  
 
The SORA approach is based on inverse first-order reliability analysis (PMA). As a result, it may 
be inaccurate for nonlinear limit states. Due to the PMA strategy, there is no easy way to integrate 
more accurate higher order reliability approximations such as SORM, or more robust methods 
such as Monte Carlo simulation, within the SORA approach. SORA also presents a significant 
hurdle in including system reliability constraints in the optimization. A decoupling strategy that 
makes use of the direct reliability analysis formulation would be more useful in including 
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different reliability analysis methods and system reliability requirements. Such a direct strategy 
has been developed by Zou (2004)31, based on re-writing the reliability constraints using a first-
order Taylor series approximation.  
 
The reliability analysis provides the failure probability estimates and the derivatives for the 
approximated reliability constraints and makes them deterministic. Thus this is also a sequential 
approach, but it is based on direct reliability analysis as opposed to inverse reliability analysis. It 
is also possible to include a higher-order Taylor series approximation in this formulation. The 
important benefit is that this formulation works with direct reliability analysis and because of its 
modularity, it is able to include different reliability methods for different reliability requirements 
as dictated by the needs of accuracy, computational efficiency, and feasibility.  
 
If FORM is used for reliability analysis, then Zou's direct SORA approach31 may be referred to as 
RIA-based. When both the direct and inverse SORA methods use FORM, inverse SORA is likely 
to be computationally more efficient since it is based on PMA, and PMA has been observed to be 
usually more efficient than RIA. However, Zou's direct SORA method allows us to solve 
problems inaccessible to inverse SORA. Also, the reliance on FORM in both Royset's method 
and inverse SORA is found to result in infeasible solutions when more accurate reliability 
methods are employed to check the solution. Royset uses a correction factor based on Monte 
Carlo simulation to improve the solution; Sopory (2003)32 also used a similar correction factor to 
improve the inverse SORA solution. However, Zou's decoupling method is much more direct in 
ensuring accuracy.  
 
Zou (2004)31 has demonstrated the application of the direct decoupling strategy to the 
optimization problem involving vehicle side impact, shown in Figure A.2. The study also 
compares various decoupling approaches in terms of both accuracy and efficiency. The last two 
constraints are similar to system reliability constraints, in that they use maximum of values from 
three different locations. Earlier studies29,33 have used values from each location to give a 
constraint and avoided considering the maximum. However, guidelines from the Insurance 
Institute of Highway Safety require using the maximum, and the direct decoupling approach 
enables this. 
 
Another recent development is a single loop strategy developed by Mourelatos (2003)34, by 
exploiting the Kuhn-Tucker conditions at the optimum. This helps to adopt a well-known strategy 
for effectiveness in optimization, i.e., satisfying the constraints only at the optimum and allowing 
the solution to be infeasible before convergence. Initial results with several mathematical 
examples have shown this strategy to be computationally more efficient than the decoupling 
methods. 
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A.5  Multi-objective optimization  
Two types of important problems lead to multi-objective optimization. The first type is 
straightforward, where multiple objectives need to be met; some of these objectives may be in 
conflict with each other. Another type is in reliability-based robust design (RBRD). Several 
alternative formulations are possible; one example is where we seek not only to minimize or 
maximize the mean of the objective but also to minimize the variance of the objective. Thus 
RBRD problems can also be solved through multi-objective optimization techniques. 
 

 
The traditional approach in multi-objective optimization is to transform the problem into a single 
objective one by a generalized weighted sum as a scalar substitute. This approach includes 
subjective information and can be misleading concerning the nature of the optimum design35. 
Other approaches include ε-constraint method36 which optimizes the most important objective 
subject to some pre-determined constraint values of other objectives, and goal programming37 

(GP) which tries to achieve the targets of all pre-determined objectives simultaneously. The 
Pareto frontier, an efficient frontier of solutions in the objective space, has the property that for 
any point in it, there is no other point in the set of possible outcomes with a better performance on 
all objectives simultaneously. Therefore, it can provide valuable information for decision-making. 
The Pareto frontier can be generated using the weighted-sum method38, or other methods 
including genetic algorithms (GA)39. Tappeta and Renaud40 used compromise programming 
followed by a local approximation to present the Pareto surface iteratively. Li and Fadel41 
proposed a hyper-ellipse method to approximate the bi-objective Pareto frontier. 
 
When considering uncertainties in multi-objective optimization, the computational effort becomes 
even larger and as a result, very few studies have been completed. Frangopol and Fu42 proposed a 
multi-objective optimization approach to deal with structural reliability-based design under 
multiple limit states. The weight of the structure and probabilities of failure with respect to 
collapse, first plastic yielding, and excessive elastic deformation, were selected as objectives. The 
probability of failure for the structural system was calculated by Ditlevsen’s second-order upper 
bound43.  

 

 

Minimize  Weight (W) 
 

Subject to P(VB-Pillar ≤ 9.9 (m/s)) ≤ 0.1 
  P(Vfront door ≤ 15.69 (m/s)) ≤ 0.1  
  P(Abdomen Load ≤ 1.0 (KN)) ≤ 0.1 
  P(Pubic Force≤ 4.0 (KN)) ≤ 0.1 
  P(Max(V*C) ≤ 0.32 (m/s)) ≤ 0.1 
  P(Max(Drib)≤ 32 (mm)) ≤ 0.1 
 

where  V: Velocity, D: Deflection,  
V*C: Viscous Criterion    

 
 

Figure A.2 - RBDO with Vehicle Side Impact Constraints 
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For engineering problems with multiple objectives to be balanced under uncertainties, it is 
desirable that under different scenarios, different appropriate multi-objective optimization 
methods be used, and that for each sub-problem, a suitable reliability method be applied to ensure 
both accuracy and efficiency in RBDO. As seen earlier, the large computational effort of RBDO 
is a significant hurdle in applying multi-objective optimization under uncertainty to large 
engineering systems. In particular, MCS-based methods, although generally more accurate, are 
rarely used in RBDO for reliability estimation due to their inefficiency. These difficulties need to 
be overcome before a multi-objective RBDO problem can be solved successfully. 
 
In the context of reliability-based robust design, Du and Chen (2003)44 replace the bi-objective 
formulation, i.e., minimize/maximize the mean of the objective, and minimize its variance, with 
an equivalent single objective formulation, using the percentile approach. Minimizing the 
difference in objective function values corresponding to two percentiles (say 5% and 95%) also 
minimizes the variance. A more efficient procedure is to deal with only one of the percentile 
objectives. It minimizes the upper percentile objective if minimization of both mean and variance 
of the objective is required, and maximizes the lower percentile objective if maximization of the 
mean and minimization of variance of the objective is required. Sopory and Mahadevan (2003)45 
compared two single objective formulations -- weighted sum and percentile -- for several 
problems and found that the solutions and computational efforts of both formulations are similar.   
In the weighted sum formulation, one has to decide the weights for the two objectives w.r.t. mean 
and variance. However, the percentile formulation also indirectly assigns different weights to the 
two objectives by the choice of the percentile value. 

 
Zou (2004)31 illustrated the application of multi-objective RBDO to door quality optimization, 
considering closing effort and wind noise (Fig. A.3). 

 
A.5.1  Door closing problem  − The design objective with respect to door closing effort is to keep 
the energy required to close the car door to be less than a predetermined amount. The energy 
required for the door to just reach the latch position is referred to as the door closing energy, and 
it is assumed to consist of three components. The first component, the energy loss to the air, is 

 

Latch: LATCC
LATUD

Seal:
NOMGAP 1-8
STHICK
FLBAR
DELBAR

Hinges:

UHCC
UHFA
UHUD

LHCC  

  
 

Figure A.3 - Car body- door sub-system 
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caused by the pressure rise in the vehicle when the door pushes the air ahead of itself. The second 
component, due to the seal compression, is the work that the door performs to compress the seal. 
The third component is due to door deformation, which takes into account the energy absorbed as 
the door deforms by the load and inertia from the hinge and the seal. The door closing effort is 
assumed to be unsatisfactory if total door closing effort is greater than 3.0 Joules. (Energy losses 
not included in this analysis are hinge and latch energy losses due to dynamic seal loads, and 
losses due to seals other than the primary door seal). The FORM method is found to be adequate 
for this single limit state problem. 

A.5.2   Wind noise − The design objective with respect to wind noise is to have a positive seal 
compression gs uu −=δ  at every location along the seal, where su  represents its unreformed 

thickness, and  gu  the operating gap between the body and door seal lines. If the seal 

compression δ, as defined by the above equation, is positive, there is a non-zero seal force F 
applied on both the body and the door. Otherwise, there is no seal force on the body and door 
since the seal is not compressed, thus leading to a wind noise problem. 
 
Since wind noise occurs if there is a gap at any location along the seal line, a separate limit state 
must be used for the gap at each location. The continuous seal is divided into 16 segments, and 
negative seal compression δ in any one of the 16 segments is deemed unacceptable quality and 
therefore a failure. Thus, the overall wind noise quality failure is expressed by the union of 16 
failure events, and is a system reliability problem. A multi-modal adaptive importance sampling 
method was found to be accurate and efficient46 for evaluating the wind noise reliability 
constraint. 

 
A.5.3   Multi-objective optimization − Since the only concerns are the two quality issues and 
there is no cost associated with this simplified example, the objectives are set to minimize the 
probability of failure for both quality issues. The general multi-objective RBDO formulation is: 

 
)4,..,1(9.17.1s.t.
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where CE_fP  is the probability of failure for the door closing effort problem calculated from 

FORM, WN_fsP  is the system-level probability of failure for wind noise problem calculated from 

multi-modal AIS, and sdi '  (i = 1,..,4) represent the mean values of the design variables.  
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Zou's study31 used the traditional nested approach to solve this problem, since the inverse FORM-
based decoupling methods then available could not be applied due to the use of Monte Carlo 
simulation to evaluate the wind noise probability. However, the recently developed direct 
decoupling method can overcome this hurdle. Since all objectives and/or constraints are in terms 
of failure probabilities, RBDO could not take advantage of the deterministic optimization either. 
 
Three multi-objective optimization methods, the weighted sum method, the ε-constraint method 
and goal programming, were used to investigate the tradeoff between the two objectives, as 
shown in Figure A.4. An approximate Pareto frontier is constructed using a simple weighted sum 
approach, and then used for further optimization actions. Two other groups of candidate solutions 
are found by the ε-constraint method and goal programming. These optimal points are close to the 
approximate Pareto frontier, which validates their usage as alternative multi-objective RBDO 
methods. 
 
Design of an aerospace vehicle is a complex process requiring analysis and optimization across 
multiple disciplines.  In many cases, relatively mature (high and low fidelity) disciplinary 
analysis tools are available.  These disciplinary analyses cannot be taken in isolation since they 
are coupled to one another through shared input and output. Furthermore, system design 
objectives and constraints may span several disciplines. Integrating disciplinary analyses into a 
multidisciplinary framework and finding practical ways to solve system optimization problems 
under uncertainty is a serious challenge. 
 
A.5.4   Reliability analysis − Multidisciplinary reliability analysis is particularly difficult when 
there is feedback coupling between the different disciplinary analyses. Consider the two-
discipline system shown in Figure A.5. Variables u1, 2 and u2, 1 are the state variables (defined 
such that ui,j is an output of analysis i and an input to analysis j). It is seen that, regardless of 
which analysis is performed first; an unknown input state variable (either u1, 2 or u2, 1) is needed, 
indicating a feedback condition. Systems with feedback coupling are typically solved with fixed-
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Figure A.4 - Multi-objective optimization 
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point iteration.  In other words, assumed values for the unknown state variables are initially used; 
then they are updated by performing the analyses from which they are derived; the analyses are 
performed again with the updated values; this process continues until convergence is reached. 
 
Using fixed-point iteration within probabilistic analysis algorithms is not usually an ideal 

approach.  For one, the number of probabilistic analysis loops multiplies the number of fixed-
point iterations, which in turn multiplies the computational effort of a single set of the 
disciplinary analyses.  
 
Another difficulty is in obtaining gradient information, usually required for the more efficient 
analytical approximation algorithms.  If a finite difference method were used, the fixed-point 
iteration process for convergence would need to be repeated for each variable.  Furthermore, one 
might select a less stringent convergence criterion to reduce the number of fixed-point iterations, 
but this introduces ‘noise’ that can corrupt the gradient information and prevent the convergence 
of FORM-type reliability analysis algorithms. These problems become worse when probabilistic 
analysis and optimization are simultaneously attempted for multidisciplinary systems. 
 
Smith (2002)47 has developed two alternative strategies for multidisciplinary reliability analysis: 
(1) Markov Chain Monte Carlo simulation, and (2) performing first order second moment 
analysis first to obtain approximate statistics of the state variables, followed by either FORM or 
Monte Carlo simulation of individual disciplines.  

 
A.5.5  MDO under uncertainty − In the next step, optimization under uncertainty for a coupled 
multidisciplinary system can be achieved by combining the decoupled RBDO approach with 
deterministic multidisciplinary optimization (MDO) methods. Note that the decoupled RBDO 
methods (whether based on direct or inverse reliability analysis) replace the probabilistic 
constraints in the optimization problem with a deterministic approximate equivalent, and perform 
reliability analysis separately, not within the optimization loop. This makes it easy to apply 

 

 
 

Figure A.5 - Feedback coupling of a two-discipline system 
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existing deterministic MDO methods to the outer optimization. Chiralaksanakul et al. (2003)48 
have demonstrated this idea by combining the decoupled RBDO with three different deterministic 
MDO methods, namely, the multidisciplinary feasible (MDF), individual disciplinary feasible 
(IDF), and all-at-once (AAO) methods, thus successfully developing a probabilistic MDO 
methodology. 
 
The probabilistic MDO methodology is taken another step forward by Smith and Mahadevan 
(2003)49 for the design of an aerospace vehicle at two levels: a global geometry design and a 
component structural sizing application.  The global geometry application is inter-disciplinary in 
that it considers a coupled analysis of geometry, weights, and aerodynamic disciplines.  It is also 
a system-level design in terms of physical architecture, in that the geometry design variables 
define the global characteristics (length, radius, wing areas, etc.) of a vehicle comprised of many 
component parts (wings, fuel tanks, engines, etc.). The component sizing application involves a 
single disciplinary analysis, at the component level (in terms of physical architecture), analyzed 
in terms of multiple limit states.  The two design processes are intrinsically linked, and an 
efficient iterative coupling process from the global to local design and vice versa given 
uncertainties in system parameters is necessary. 

 
A.5.6   Global Vehicle Geometry Design − The vehicle geometry, for illustration purposes, is 
shown in Figure A.6. 
 
A vehicle geometry that minimizes mean dry weight is expected to minimize overall cost, so this 
is chosen as the objective function.  For stability, the pitching moment (Cm) for the vehicle should 
be zero or extremely close to zero. In addition, Cm should decrease as the angle of attack 

increases. This is achieved by adjusting the control surfaces trim the vehicle as the angle of attack 
is increased.  Thus the aerodynamic analysis for pitching moment constrains the vehicle geometry 
optimization. 
 
The pitching moment constraint must hold during all flight conditions; nine flight scenarios 
(constructed with three velocity levels and three angles of attack) are used as a representative 
sample (Unal et al. (1998)50). The deterministic optimization problem is written as: Minimize 
vehicle dry weight (W) such that the pitching moment coefficient (Cm) for each of 9 scenarios is 
within acceptable bounds [-0.01, +0.01]. The problem is reformulated in probabilistic terms as: 

 

 
Fig. A.6: Illustrative Vehicle Geometry Concept 
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Minimize mean weight such that the pitching moment coefficient for all 9 scenarios has a low 
probability (less than 0.1) of failing to be within the acceptable bounds [-0.01, +0.01]. This is a 
multidisciplinary problem requiring the synthesis of information from three analysis codes: a 
geometry-scaling algorithm, a weights and sizing code and an aerodynamics code. 

 
A.5.7   Local Tank Design − The design goal for the liquid hydrogen tank is to minimize the 
weight of the tank while meeting the requirements for fuel capacity and structural integrity.  The 
fuel capacity requirement is maintained by choosing the appropriate tank geometry.   With tank 
geometry dictated by the global design, an optimization problem may be formulated as: 
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where R and S generically denote capacity and demand for different failure modes.  This 
optimization formulation recognizes that the objective (tank weight) and constraints (failure limit 
states) are random variables. 
 
A.5.8   Global Local Integration − An iterative process is needed to converge on optimal solutions 
for both the system and component designs.  Perhaps the most obvious iteration strategy is to use 
a brute force fixed-point iteration method; in other words to simply repeat the system–
component–system design cycle and hope for ultimate convergence.  This idea is depicted in 
Figure A.7. 
This bi-level optimization is a common strategy for design; it does not require inter-level data 
flow during optimization and preserves a degree of autonomy for component-level designers. 
However, this strategy may not always work, and may not be able to find a converged solution to 
the bi-level system with a reasonable amount of computational effort.  As more components are 
added, finding a feasible solution becomes more difficult. 
An alternate approach is to integrate the two optimizations into a single problem, and solve the 
resulting probabilistic MDO problem by combining a decoupled RBDO approach with a  

 

 
 

Figure.A.7- Iteration between System-Level and Component-Level Optimization 
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deterministic MDO method. However, note that the local reliability constraint is expressed as a 
union of several failure modes.  This presents a problem for inverse SORA, which is designed to 
handle only individual limit states; hence all three limit states were considered as three different 
constraints in the optimization49. On the other hand, Zou’s new direct decoupling method31 is 
easily able to handle system reliability constraints. 

A.6  Inclusion of System Reliability Constraints in RBDO 
Recently, McDonald and Mahadevan55 have developed an efficient algorithm which can include 
system reliability constraints in a single-loop formulation for continuous design and random 
variables. This formulation is similar to previously mentioned single-loop methods, but uses the 
augmented decision space and appropriate multinormal CDF approximations to assure that the 
system-level probability of failure is less than a specific threshold. In this approach the FORM 
optimality conditions are satisfied for each component in the system. Although most RBDO 
methodologies only require the satisfaction of either the direct FORM or the inverse FORM 
optimality conditions, we will require the satisfaction of both sets of optimality conditions. (See 
Chiralaksanakul and Mahadevan48 for a discussion of FORM and inverse FORM). We also 
include component reliability targets in the decision space of the optimization problem, along 
with the design vector and each component limit state MPP. These component reliability targets, 
along with the correlations, are obtained from the limit state direction cosines α, where  
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The component reliability information is then used to calculate the system failure probability, 
which must be less than the allowable level.  This formulation is given in Eqs. (6-10):  
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In Eq. (6) B is used to denote the entire vector of target reliability indices, whereas βk  refers to the 
target reliability index for the kth limit state. R is the correlation matrix between failure modes, 
calculated by the equation Rij = αiαj. It is necessary that B be included in the augmented decision 
space because the optimizer must decide how reliable each component of the system must be. In 
Eq. (10) p(B, R) is the system failure probability. Refer to McDonald and Mahadevan55 for 
details related to the derivation and solution of Equations 6-10.  

In McDonald and Mahadevan55, this formulation has been shown to be extremely efficient for 
problems of relatively small size. The formulation in Eqs. (6-10) is directly extendable to large 
problems that may need multidisciplinary analysis.  

A.7  Concluding Remarks 
The current state of the art in mechanical system design optimization under uncertainty is mainly 
focused on individual component reliability requirements. System-level reliability requirements 
have not been widely considered, except with frame and truss structures. New methods based on 
single loop or sequential strategies have been recently developed to include system reliability 
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constraints in RBDO. One particular issue is the availability of sensitivity information, 
particularly when Monte Carlo methods are used. The applications of various decoupling 
approaches to realistic problems and comparisons of their relative performances are yet to be 
done. 
   
The extension of RBDO to robust design is quite recent, with several formulations being 
evaluated. The robustness requirement has been expressed either as single- or bi-objective 
optimization, and several approaches are being investigated. The inclusion of model uncertainty 
within RBDO is yet to be investigated. 
 
The extension of RBDO methods to multi-disciplinary systems has recently been accomplished 
through the decoupling strategies. This has also been shown to be feasible for systems where the 
different disciplinary codes are connected through feedback coupling. The direct decoupling 
approach allows the use of different reliability analysis methods (such as extended FORM, 
Markov Chain Monte Carlo simulation, etc.) for such coupled systems 
.  
The application of RBDO to time-dependent problems has been indirect, with durability 
requirements expressed through time-independent measures51. Direct inclusion of time-dependent 
reliability in RBDO, with random process treatment of loads and system properties, is yet to be 
done, and could be computationally prohibitive. Time-dependent problems are particularly 
relevant to fluid dynamics in aerospace vehicle design. Previous studies with progressive failure 
were limited to trusses, frames, and composite laminates, where computational effort was not 
prohibitive. However, this is a challenge in the case of problems where functional evaluations are 
very time-consuming. A conservative first failure criterion has been used as a surrogate for 
ultimate system failure in the case of a composite aircraft wing (Liu and Mahadevan, 1998)52, but 
requires further investigation. 
 
An important issue in practical application of RBDO is model uncertainty, especially considering 
the frequent use of response surface models in many RBDO studies. Ongoing research at 
Vanderbilt University is developing Bayesian methodologies for model validation53,54, model 
uncertainty quantification, and inclusion of model uncertainty in design optimization.  
 
While RBDO methodology development marches ahead, with simple numerical examples as 
proofs of concept, practical implementation of RBDO still appears to be a distant goal, due to the 
lack of actual data on the random variables. Statistical data collection, which is expensive and 
time consuming, appears to be the single most difficult hurdle in the practical implementation of 
the RBDO methodology, and yet very important in developing confidence in the proposed 
methods. 
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